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ABSTRACT
Finding functional modules in gene regulation networks is an important task in systems biology. Many
methods have been proposed for finding communities in static networks; however, the application of such
methods is limited due to the dynamic nature of gene regulation networks. In this article, we first propose
a statistical framework for detecting common modules in the Drosophila melanogaster time-varying gene
regulation network. We then develop both a significance test and a robustness test for the identifiedmodu-
lar structure. We apply an enrichment analysis to our community findings, which reveals interesting results.
Moreover, we investigate the consistency property of our proposed method under a time-varying stochas-
tic block model framework with a temporal correlation structure. Although we focus on gene regulation
networks in our work, our method is general and can be applied to other time-varying networks. Supple-
mentary materials for this article are available online.

1. Introduction

Molecular genetic studies of Drosophila melanogaster, the
common fruit fly, have facilitated our understanding of devel-
opmental processes in many organisms. For example, since
approximately 75% of the diseases known to occur in humans
have a recognizable match in the genome of the Drosophila
melanogaster (Reiter et al. 2001), quantitative descriptions of
the gene expressions in the development of the Drosophila
melanogaster can have large impacts in developmental biology
and biomedical studies for humans. Genes, genetic techniques,
and other discoveries are often first elucidated in theDrosophila
melanogaster and then translated to mammalian systems
(Pandey and Nichols 2011).

A recent genome-widemicroarray profiling of theDrosophila
melanogaster revealed the gene expression patterns exhibited
during the course of its development (Arbeitman et al. 2002). In
this study, 4028 genes were examined at 66 distinct time points
spanning the embryonic stage (time points 1–30), the larval
stage (time points 31–40), the pupal stage (time points 41–58),
and the adulthood stage (time points 59–66) of the organism.
Based on that study, the time-varying gene regulation network
among a set of 588 genes that are related to the developmental
process is constructed in Song, Kolar, and Xing (2009). Figure 1
shows the time-varying gene regulation network at different
time points.

The gene regulation network, which represents the regula-
tory relationships among a set of genes, is often organized as a
set of interacting functional modules; each module in the gene
regulation network consists of a group of co-regulated genes that

CONTACT Jingfei Zhang ezhang@bus.miami.edu Department of Management Science, School of Business Administration, University of Miami, Miami, FL ,
USA.
Color versions of one or more of the figures in the article can be found online atwww.tandfonline.com/r/JASA.

Supplementary materials for this article are available online. Please go towww.tandfonline.com/r/JASA.

collaborate in biological processes to efficiently perform a bio-
logical function (Segal et al. 2003).

Identifying and characterizing functional modules in the
Drosophila melanogaster gene regulation network is an impor-
tant task in developmental biology. First, it can help us under-
stand how genes in multicellular organisms work synergistically
to coordinate gene expressions. Second, finding functionalmod-
ules can help predict the functionalities of previously uncharac-
terized genes since genes in the same modules share common
functionalities. Currently, approximately 25% of the genes in
the Drosophila melanogaster are computed genes, that is, genes
that have no experimental data to support their roles in biolog-
ical processes (Misra et al. 2002). Third, identifying functional
modules also has important biotechnological applications. For
example, when the deletion of a certain function is necessary,
one can achieve this by removing the entire functional module
(Gulbahce and Lehmann 2008).

One commonway to study functional modules in a gene reg-
ulation network is to look at a static network, that is, one snap-
shot of the network or a summarized picture of all regulatory
relationships in the study period. A static representation of the
gene regulation network may lose important information, since
as the Drosophila melanogaster progresses through its life cycle,
its gene regulation network goes through extensive topologi-
cal changes in response to the changing developmental require-
ments of the organism. For example, in the edge density plot in
Figure 2, themaximum edge density occurs at t = 41, with 2061
edges connecting 588 genes, and the lowest edge density occurs
at t = 58, with 1712 edges connecting 588 genes. The edge
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Figure . Plots of theDrosophilamelanogaster gene regulation network at times t = 1, t = 10, t = 20, t = 30, t = 35, t = 45, t = 55, and t = 65. Nodes of the same color
belong to the same group (see Section ).

density over time shows a wave structure, with two peaks occur-
ring during the mid-embryonic stage and the early pupal stage.

In addition to the network edge density, the network topol-
ogy also varies notably over time. In Figure 1, we can see that
most genes interact selectively with others in the early embry-
onic stage (time points 1, 10), resulting in a fragmented net-
workwith a fewdensely connected node clusters. During the late
pupal stage (time point 55), the genes actively interact with each
other, and the network is no longer fragmented. Such important
information is not well preserved in a static representation of the
time-varying network.

Furthermore, genes within different functional modules are
found to be expressed at different times (Arbeitman et al. 2002).

Figure . Plot of number of edges at  time points. The vertical lines mark the
different stages in the development of Drosophila melanogaster (from left to right:
embryonic, larval, pupal, adulthood).

For example, cell-cycle genes tend to have high expression levels
during the early embryonic stage when cell division is rapid,
but very few cell-cycle genes are expressed at high levels after
this period. On the other hand, most metabolic genes experi-
ence the highest levels of expression only shortly before and
during the larval and adult stages. These findings suggest that
a static representation of the network may overlook important
gene interactions. A preferable approach to identify functional
modules is to use information provided by the time-varying
gene regulation network throughout its entire time course.

To identify the functional modules from a time-varying
gene regulation network, we consider the following network
community structure. First, each node (or gene) is assigned
to one community (or functional module), and the assign-
ments do not vary with time; this assumption is consistent
with the findings that most genes belong to only one func-
tional module (De Bivort, Huang, and Bar-Yam 2007; Zhao,
Schriefer, and Stormo 2007). Second, the nodes within a
community have more interactions among themselves than
with nodes in other communities; this is because the genes
within a functional module are co-regulated and have highly
coordinated interactions in response to the developmental
requirements (Segal et al. 2003). Third, we assume that the
interactions within and between communities are dynamic
and vary with time; this corresponds to the findings that
genes within different modules are expressed at different times
(Arbeitman et al. 2002). We subsequently refer to this type of
structure as the common community structure in a time-varying
network.

For the Drosophila melanogaster gene regulation network,
by considering the common community structure in a time-
varying network, we can better identify and characterize the
functional modules. First, as we can observe from Figure 1, the
gene interactions are highly variable over time. When identify-
ing functional modules, compared to using only one snapshot
of the network, using networks at all time points yields more
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reliable results since it does not leave out important gene inter-
actions. Second, in instances where a functional module is only
active for a short period of time, the strong gene interactions in
the short interval may be overlooked in a summarized network
that aggregates all interactions in the whole time interval. By
considering the time-varying gene interactions when inferring
common functional modules, we can better identify the mod-
ules that are only active for a short period of time. Third, in
addition to helping us understand how the genes in themodules
coordinate gene expressions, the identified common functional
modules can provide valuable insights into the time-varying
expression of each module and its relation to the development
of the Drosophila melanogaster.

Many methods for community structure detection have
been proposed in recent years. See Fortunato (2010) for a
review. One major class of methods involves maximizing some
partition quality function over all possible partitions of the
network (Flake, Lawrence, and Giles 2000; Shi and Malik 2000;
Newman and Girvan 2004). Another major class of techniques
is model-based approaches, that is, fitting probabilistic models
to networks with K communities (Nowicki and Snijders 2001;
Handcock, Raftery, andTantrum2007; Airoldi et al. 2008; Bickel
and Chen 2009; Jin 2015). Recently, Bickel and Sarkar (2016)
proposed a hypothesis testing approach that determines the
number of communitiesK. However, these approaches can only
be applied to a single static network. Several recent works inves-
tigated the problem of community detection in dynamic net-
works (Mucha et al. 2010; Bansal, Showmich, and Paymal 2011;
Bassett et al. 2013; Nguyen et al. 2014). These methods focus
on community structures that vary with time and cannot be
applied to infer common functional modules that are expressed
at different times in the time course of the gene regulation
network.

In this work, we address an understudied but important issue
in network community study: inferring common functional
modules in a time-varying network. The contributions of our
work are threefold. First, we propose a statistical framework for
modularity-based commonmodule detection in a time-varying
network. Second, we describe both a significance test and a
robustness test for an identified community structure. Third, we
show the consistency property of the proposed method under a
temporal stochastic blockmodel framework. Althoughwe focus
on the Drosophila melanogaster gene regulation network in our
work, our method is general and can be applied to other time-
varying networks as well.

The remainder of the article is organized as follows. Section
2 proposes the modularity-based method for finding common
communities in a time-varying network. A new significance
test is introduced to test the statistical significance of the
identified community structure. Moreover, we describe a
robustness test for testing the robustness of the community
detection results under small perturbations of the network.
Section 3 demonstrates the effectiveness of our proposed
method through simulation studies. Section 4 discusses our
community detection findings and the enrichment analysis.
Section 5 discusses the consistency property of the proposed
method under a temporal stochastic block model frame-
work. Section 6 provides discussion and some concluding
remarks.

2. Statistical Methods for Finding CommonModules

2.1. Notation

Consider a time-varying network G = (G(t ), t ∈ T ), where
G(t ) = (V, E (t )) is the network at time t . The node set V
contains n nodes, that is, V = {v1, . . . , vn}, and the edge set
E (t ) contains the list of edges at time t . The network G(t )
can be uniquely represented by its adjacency matrix A(t ),
where Ai j(t ) = 1 if there is an edge between node i and node
j at time t , and Ai j(t ) = 0 otherwise. In this article, we focus on
simple graphs (undirected graphs with no self-loops or multi-
ple edges). However, our method can be generalized to directed
networks (see discussion in Section 6). Throughout this article,
we will use the terms graph and network interchangeably.

For simple graphs, the adjacency matrix A(t ) is a symmetric
0-1 matrix with a zero diagonal. Let D = (d(t ), t ∈ T ), where
d(t ) = (d1(t ), . . . , dn(t )) and di(t ) is the number of connec-
tions incident to node i at time t . At time t , the vector of the
column (row) sums of A(t ) equals the degree sequence d(t ).
Finally, letm(t ) = ∑

i< j Ai j(t ) denote the total number of edges
in G(t ).

2.2. Modularity Function for Time-Varying Networks

Newman and Girvan (2004) proposed the modularity func-
tion to measure the relative strength of the division of a graph
into communities. For a given graph G(V,E) with n nodes,
let e = (e1, . . . , en) denote the community assignment, where
ei ∈ {1, . . . ,K} specifies which community node i belongs to.
The modularity function Q(e,G) is defined as

Q(e,G) = 1
2m

∑
i, j

[Ai j − E(Ai j)]δ(ei, e j), (1)

wherem = ∑
i< j Ai j, and δ(ei, e j) = 1 if ei = e j, and δ(ei, e j) =

0 otherwise. Here, the expectation E(Ai j) is calculated under
some null model that describes static networks with no com-
munity structure.

The modularity function measures the difference between
the observed number of intracommunity edges and the expected
number of intracommunity edges under the null model. We use
the term intracommunity edges to denote edges whose two end
nodes are within the same community. If the observed num-
ber of intracommunity edges in the network is close to the
expected number, themodularity functionQ is close to 0.When
Q approaches 1, the observed number of intracommunity edges
is much higher than the expected number, indicating a strong
community structure.

In the Newman–Girvan modularity, the null model is spec-
ified to be the configuration model (Bender and Canfield 1978;
Bollobás 1980). In a configuration model with degree sequence
(d1, . . . , dn), each node i is assigned with di half-edges, i =
1, . . . , n. To generate a graph from the configuration model, a
random matching is conducted on the 2m half-edges. Under a
configuration model, it can be shown that

P(Ai j = 1) ≈ did j

2m
.
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In the Newman–Girvan modularity, the degree sequence
(d1, . . . , dn) in the configuration model is fixed at the observed
degree sequence fromG. It is worthmentioning that the configu-
rationmodel generatesmultigraphs (graphs that allow self-loops
and multiple edges) and does not have a uniform distribution
over all multigraphs with the given degree sequence (Kranakis
2013).

Zhang and Chen (2016) proposed a null model that assumes
a uniform distribution over all simple graphs with a fixed degree
sequence, that is,

p(G) = 1
|�d| , for G ∈ �d,

where �d is the set of all simple graphs with degree sequence d.
Under such a null model, E(Ai j) is uniformly

did j

2m
+ o(1), (2)

when maxi di = o(m1/4) asm → ∞.
To define the modularity function for a time-varying net-

work G = (G(t ), t ∈ T ), we need to formulate the null model.
First, the null model should describe random networks with no
community structure. Second, the networks in the null space
should share basic structural properties with G (Newman 2006;
Zhang and Chen 2016). For the null model in the modularity
function for a time-varying network, we propose to preserve the
observed time-varying degree sequence. Often, the edge distri-
bution among the nodes in real-world networks displays high
global inhomogeneity, a few nodes with high degrees and many
nodes with low degrees, and local inhomogeneity, a high con-
centration of edges within certain groups of nodes and a low
concentration of edges between these groups (Fortunato 2010).
To study the local inhomogeneity (or community structure), it
is therefore desirable to preserve the observed degree sequence
(Zhang and Chen 2016). We fix the degree sequence of the
time-varying graphs from the null model at the observed degree
sequence (d(t ), t ∈ T ).

The sample space in our null model is defined as

�D = {(g(t ), t ∈ T ) : g(t ) is a simple graph with
degree sequence d(t ), t ∈ T }.

For a time-varying network g = (g(t ), t ∈ T ) from the sample
space �D , the null distribution is defined as

p(g) =
∏
t∈T

1
|�d(t )| , (3)

where �d(t ) is the set of all simple graphs with degree sequence
d(t ). Under the null model, there is no preference for any par-
ticular graph configuration, and every time-varying network in
the null space �D is equally likely to occur.

Under the proposed null model, we have

P(Ai j(t ) = 1) = |�d(t )|Ai j (t )=1|
|�d(t )| ,

where |�d(t )|Ai j (t )=1| is the total number of simple graphs with
degree sequence d(t ) and Ai j(t ) = 1. Following the results in

(2), we have

E(Ai j(t )) ≈ di(t )d j(t )
2m(t )

,

and m(t ) = ∑
i< j Ai j(t ). Note that the proposed null model is

time-varying and it captures the dynamic nature of the observed
network.

At any time t ∈ T , we define the modularity matrixM(t ) for
G(t ) as

M(t ) = A(t ) − E(A(t )).

The modularity matrix M(t ) measures the “distance” between
the observed network G(t ) and the expected network under
the null model at time t . For the time-varying network G =
(G(t ), t ∈ T ), the modularity matrixM is defined as

M =
∫
t∈T

M(t ).

Let e = (e1, . . . , en) denote the community assignment, where
ei ∈ {1, . . . ,K} is the community that node i belongs to. The
modularity function Q(e,G) for a time-varying network is
defined as

Q(e,G) = 1
2m̄

∑
i, j

Mi jδ(ei, e j), (4)

where m̄ is defined as

m̄ =
∫
t∈T

m(t ).

It is easy to see that the modularity function Q(e,G)

assumes values in [−1,1]. When the observed number of intra-
community edges is much greater than the expected number
of intracommunity edges, Q approaches 1, indicating a strong
community structure in G. Hence, the communities in G are
identified by finding the e that maximizes the modularity func-
tion Q(e,G). In Section 5, we show that the e that maximizes
the proposed modularity in (4) is consistent under a temporal
stochastic block model framework.

In the simple case when T = {t1, t2, . . . , tS}, where S is the
total number of observations or snapshots, we have

M =
S∑

l=1

M(tl ),

and

m̄ =
S∑

l=1

m(tl ).

Here, the modularity function Q(e,G) can be considered as
an averaged version of the modularity in each graph G(t ), t =
t1, . . . , tS, that is,

Q(e,G) =
∑S

l=1 m(tl )Q(e,G(tl ))∑S
t=1 m(tl )

.

2.3. ModularityMaximization

Maximizing the modularity function in (4) is a very diffi-
cult problem, since the number of communities K is generally
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unknown. Brandes et al. (2008) showed that finding a parti-
tion that maximizes the modularity function for a given graph
is NP-complete. Existing heuristic approaches for maximizing
the modularity function come from various fields, including
computer science, physics, sociology, and statistics. Some are
fast techniques that can be efficiently applied to large graphs
(Clauset, Newman, andMoore 2004; Wakita and Tsurumi 2007;
Blondel et al. 2008), while some are more accurate but limited
to graphs of moderate size (Guimera, Sales-Pardo, and Amaral
2004; Massen and Doye 2005).

The two objective functions in (4) and (1) are in similar
forms. Once we have calculated m̄ and M, existing modu-
larity maximization approaches can be used to find the e =
(e1, . . . , en) that maximizes the modularity function in (4).

In this article, we adopt the Louvain maximization method
proposed by Blondel et al. (2008). In the Louvain method, the
optimization has two phases that are repeated iteratively. First,
we assign each node in the network to its own community. Next,
for each node i, we calculate the change in modularity when we
assign node i to the community of its neighbor j. The change
in modularity that results from moving an isolated node i into
community k can be easily computed by

�Q =
[
Okk + 2wik

2m
−
(
Ok + wi

2m

)2
]

−
[
Okk

2m
−
(
Ok

2m

)2

− wi

2m

]
,

whereOkk is the sumofweighted edges in community k,Ok is the
sum of the weighted edges that are linked to nodes in commu-
nity k, wik is the sum of the weighted edges that are linked from
node i to community k, and wi is the sum of weighted edges
linked to node i. Note that a similar expression can be formu-
lated to calculate the change in the modularity when we remove
i from its current community. Therefore, we can calculate the
change in the modularity by removing i from its current com-
munity and adding it to community k. Once this value has been
obtained for every community that node i is linked to, i is moved
to the community that results in the largest increase in mod-
ularity. If no increase is possible, then i remains in its original
community.

In the second phase, the algorithm aggregates nodes in the
same community and builds a new network whose nodes are the
communities from the previous step. The weights of the edges
between the new nodes are given by the summing of the weights
of the edges connecting the two corresponding communities.
Edges connecting nodes within the same community lead to
self-loops in the new network. These steps are repeated itera-
tively until the modularity reaches its maximum. The algorithm
can be summarized as

Algorithm. Take the modularity matrixM as input:
1. Assign each node to its own community.
2. For each node i, place i into the neighboring community

(possibly its own) that leads to the highest modularity
gain.

3. Repeat Step 2 until no nodes can be moved.

4. If the newmodularity is higher than the initial modular-
ity, then build a new network whose nodes are the cur-
rent communities and return to Step 1. If not, output the
community assignment and the modularity value.

The Louvainmethodhas been usedwith success for networks
of many different types and for sizes of up to 100 million nodes
and billions of links. The analysis of a typical network with 2
million nodes takes 2min on a standard PC (Blondel 2011). For-
tunato (2010) noted that the modularity maxima found by the
Louvain method often compare favorably with those found by
Clauset, Newman, and Moore (2004) and Wakita and Tsurumi
(2007).

It is important to note that our approach is not tied to
the Louvain method. In fact, most existing modularity max-
imization methods can be used, without modification, under
our framework. However, in practice, we find that the Louvain
method yields better modularity maxima than the other meth-
ods and is computationally more efficient.

It is worth mentioning that the Louvain method may not
arrive at the same result in successive runs since the nodes in
the network are ordered randomly in the algorithm. Moreover,
in the aggregation step, each node is assigned to the community
that leads to the largest modularity increase; if there are several
communities that all lead to the largest increase, one commu-
nity is randomly selected. Hence, it is possible the community
assignment obtained from a single run of the Louvainmethod is
a local maximum. In our analysis, we apply the Louvain method
κ times to find the maxima of the modularity function. In gen-
eral, κ should increase with the size of the network. In our anal-
ysis of theDrosophila melanogaster gene regulation network, the
number of applications κ is set as κ = 1000. We do not observe
notable improvements in the maximized modularity function
for κ > 1000. However, other networks of comparable size may
benefit if larger values of κ are selected.

Despite the large volume of works that have been proposed
for detecting communities in networks, few have been proposed
to assess the statistical significance or to quantify the uncertainty
associated with identified community structures. In Section 2.4
and Section 2.5, we describe, respectively, a significance test and
a robustness test to assess our community findings.

2.4. Significance Test

Newman and Girvan (2004) suggested that networks with a
strong community structure typically have a maximum modu-
larity valuemaxe QNG(e,G) ∈ [0.3, 0.7]. This criterion has been
widely used as a general rule of thumb in subsequent works
on modularity-based community detection. However, a large
Newman–Girvanmodularity value does not necessarily indicate
a strong community structure.

For instance, random graphs from the Erdös-Rényi model
(every pair of nodes is equally likely to have an edge) can have
partitions with large modularity values (Guimera, Sales-Pardo,
and Amaral 2004; Reichardt and Bornholdt 2006). Such graphs
should not have a community structure, since the probability of
having an edge between any pair of nodes is the same and every
node is treated equally. Based on the definition of modularity,
a network should only be considered to have a community
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structure if its maximized modularity value is significantly
larger than the maximized modularity value of the graphs from
the null model. In this section, we propose a hypothesis testing
procedure to test whether an identified common community
structure is significant.

Given the time-varying graph G and a community assign-
ment e∗ = (e∗1, . . . , e∗n), the statistical significance of the
partition is

P[Q(e∗,G) ≤ max
e

Q(e, g)], (5)

where g follows the null distribution in (3). A small p-value indi-
cates that the partition e∗ obtained from G is significant, since
graphs under the null model are unlikely to have a maximized
modularity as large asQ(e∗,G).

Sampling g = (g(t ), t ∈ T ) from�D is achieved by sampling
g(t ) from �d(t ), t ∈ T . One way to sample from �d(t ) is to use
the configuration model. However, the graphs generated from
the configuration model may contain loops and multiple edges.
Discarding all multigraphs could lead to a high invalid sample
ratio, since the probability of having loops and multiple edges
quickly increases when the degrees increase in a configuration
model (Chung and Lu 2002).

Alternatively, wemay efficiently sample g(t ) from�d(t ) using
the following Markov chain Monte Carlo (MCMC) algorithm.
Denote an edge between node i and node j by {i, j}. At each
step of theMCMC algorithm, randomly choose two edges {x, y}
and {u, v} from the current graph g such that x, y, u, and v are
four distinct nodes. If there are no edges between x and u or y
and v , theMarkov chain moves to a new state g′ by replacing the
edges {x, y} and {u, v} in the current graph g by two new edges
{x, u} and{y, v}; otherwise, theMarkov chain stays at the current
graph g. We may take a sample after every N0 MCMC steps to
reduce the dependence between samples.

To estimate the p-value in (5), we generate samples g1, . . . , gS
from the null model in (3) using the aforementioned MCMC
algorithm. We then approximate (5) by

1
S

S∑
i=1

I
(
Q(e∗,G) ≤ max

e
Q(e, gi)

)
.

2.5. Robustness Test

In addition to assessing the significance, it is also important that
we consider the robustness of an identified community structure
against small perturbations of the network. If a small change in
the topology of the network can completely change the outcome
of our community findings, we cannot fully trust the identified
community structure. In this section, we describe a robustness
test for an identified community structure.

We consider two types of network perturbations:
adding/removing edges and rewiring edges. Note that adding
and removing edges change the degree distribution, whereas
rewiring edges preserves the degree distribution. In both types
of perturbation, the total number of edges remains unchanged.
To perform a perturbation at level γ for a time-varying network
g = (g(t ), t ∈ {t1, . . . , tS}), we use the following perturbation
scheme.

Algorithm (Perturbation at level γ ).
Start from time l = 1.

1. Set s = 0.
2. Randomly pick an edge {x, y} from the current graph

g(tl ),
(a) with probability 0.5, we randomly choose an edge

{u, v} from g(tl ), such that x, y, u, and v are four dis-
tinct nodes and there are no edges between x and u
or y and v . We then replace {x, y} and {u, v} in g(tl )
by two new edges, {x, u} and {y, v}. Set s = s + 2.

(b) with probability 0.5, we randomly choose an uncon-
nected pair of nodes u, v from g(tl ). We then delete
the edge {x, y} and add the edge {u, v}. Set s = s + 1.

3. If s/m(tl ) ≤ γ , go to step 2. If s/m(tl ) > γ , set l = l + 1
and go to Step 1.

Before we can describe the robustness test, we first intro-
duce a numerical measure to quantify the difference between
two partitions. In this work, we adopt the normalized mutual
informationmeasure (Danon et al. 2005). Consider the commu-
nity assignment {xi} and {yi}, where xi and yi indicate the cluster
labels of vertex i in partitionsX andY , respectively. Assume that
labels x and y are the observed values of two random variablesX
and Y . The normalized mutual information (nmi) is measured
by

nmi(X ,Y ) = 2I(X,Y )

H(X ) + H(Y )
.

Here, I(X,Y ) = H(X ) − H(X |Y ) is the mutual information
and H(X ) = −∑x P(x)logP(x) is the Shannon entropy of X .
The normalized mutual information equals 1 if the two parti-
tions are identical, and its expected value is 0 if the two partitions
are independent.

For a graphG with an identified community structure ĉ, to see
how the community detection output changes as a function of
the perturbation parameter γ , we perform the following steps:
Step 1: Use the proposed perturbation scheme to perform a per-

turbation of G at level γ . Let Gγ denote the perturbed
time-varying network.

Step 2: Find ĉγ = argmaxQ(e, g̃γ ).
Step 3: Calculate the normalized mutual information between ĉ

and ĉγ .
For each γ , we repeat this procedure N times and report the

average of the normalized mutual information measures.

3. Simulation Study

Consider a dynamic network G = (G(t ), t = t1, . . . , tS)
with node set V = {v1, . . . , vn} and community label
c = (c1, . . . , cn), where ci ∈ [1, . . . ,K]. Denote the adja-
cency matrix ofG(t ) by A(t )n×n, where Ai j(t ) = 1 if node i and
node j are connected in G(t ) and Ai j(t ) = 0 otherwise.

We evaluate the performance of the proposed method
through simulated time-varying networks and compare it to the
performances of the following methods:

� Method 1: infer c from G(t∗), t∗ ∈ [t1, . . . , tS], that is,
community detection based on a single snapshot of the
time-varying network,
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1000 J. ZHANG AND J. CAO

� Method 2: infer c from A∗ where A∗
i j = ∑

t Ai j(t ),
that is, community detection based on a summary
multigraph.

To create the multigraph in Method 2, for each pair of nodes
i and j, one simply counts the total number of interactions that i
and j have in the observation window. To obtain ĉ in Method 1,
we maximize the modularity function calculated from a single
simple (nomultiple edges, no self-loops) network (Newman and
Girvan 2004). To obtain ĉ in Method 2, we maximize the mod-
ularity function calculated from a single multigraph (Newman
2004).

Another way to summarize a time-varying network would be
to construct Ãwhere Ãi j = maxt Ai j(t ), that is, Ãi j = 1 if node i
and node j interact at least once in the observation window. We
find that this method gives poor community detection results
and can occasionally yield fully connected simple graphs as sum-
mary graphs. Therefore, we do not include this method in our
comparison.

We consider three simulation settings in this section. In
Simulation 1.1, we consider networks independently sam-
pled from a stochastic block model with a time-homogenous
probability matrix. In Simulation 1.2, we consider networks
independently sampled from a stochastic block model with a
time-varying probability matrix. In Simulation 2, we consider
temporally correlated samples from a stochastic block model
with a time-varying probability matrix.

Simulation Setting 1
� At time t , the edges Ai j(t ) are independent Bernoulli ran-
dom variables with

Ai j(t ) ∼ Bernoulli(θcic j (t )),

where �(t ) =

⎛
⎜⎝

θ11(t ) · · · θ1K (t )
...

. . .
...

θK1(t ) · · · θKK (t )

⎞
⎟⎠

is the probability matrix of the stochastic block model at
time t .

� Our simulated networks have four communities, and
each community has 50 nodes. We have S observations
within t ∈ [0, 1], and all the observations are equally
spaced.

Simulation 1.1: �(t ) =

⎛
⎜⎜⎝
0.2 0.1 0.1 0.1
0.1 0.2 0.1 0.1
0.1 0.1 0.3 0.2
0.1 0.1 0.2 0.3

⎞
⎟⎟⎠.

In Simulation 1.1, the probability matrix�(t ) remains constant
for t ∈ [0, 1]. For each S, we simulate 100 time-varying net-
worksG1, . . . ,G100, whereGi = (Gi(t ), t = t1, . . . , tS). For each
time-varying networkGi, we find ĉi and calculate the normalized
mutual information between the true community membership
and ĉi, i = 1, . . . , 100. This procedure is performed using the
proposed method, Method 1 (single snapshot taken at t = 0.5),
and Method 2. The results are summarized in the left plot in
Figure 3.

From Figure 3, we can see that Method 1, which only
looks at one snapshot of the network, has poor performance,
with an average NMI of 0.282. This is likely due to the small
differences between the intracommunity connection probabili-
ties and the intercommunity connection probabilities. Our pro-
posed method outperforms Method 2 for all plotted values of S.
Method 2 does not have satisfactory performance, as the com-
munities are difficult to distinguish in a multigraph created by
adding all networks together. Note that our proposed method
has good performance even with as few as five samples (S = 5)
from the stochastic block model. It is worth mentioning that the
proposed method, Method 1 and Method 2 become equivalent
when only one network is sampled from the model.

Simulation 1.2: �(t ) =

⎛
⎜⎜⎝

θ11(t ) 0.1 0.1 0.1
0.1 θ22(t ) 0.1 0.1
0.1 0.1 θ33(t ) 0.2
0.1 0.1 0.2 θ44(t )

⎞
⎟⎟⎠,

with θ11(t ), θ22(t ), θ33(t ), and θ44(t ) plotted in Figure 4. In this
simulation setting, the probability matrix of the stochastic block
model is time-varying. At time t = 0, community 1 and com-
munity 3 are active, while community 2 and community 4 are
inactive. At time t = 0.5, communities 2, 3, and 4 are equally
active, while community 1 becomes inactive.

For each S, we simulate 100 time-varying networks
G1, . . . ,G100, where Gi = (Gi(t ), t = t1, . . . , tS). For each time-
varying network Gi, we find ĉi and calculate the normalized
mutual information between the true community membership
and ĉi, i = 1, . . . , 100. This procedure is performed using the
proposed method, Method 1 (single snapshot taken at t = 0.5)

Figure . Normalized mutual information between the true community membership and the community membership calculated from the proposed method (black solid
line), Method (red dashed line) andMethod  (black dashed line). The gray bands are the % confidence intervals for themean normalizedmutual information. Left plot:
results from Simulation .; Middle plot: results from Simulation .; Right plot: results from Simulation .
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Figure . The four time-varying probability functions θ11(t ), θ22(t ), θ33(t ), and θ44(t ).

and Method 2. The results are summarized in the middle plot
in Figure 3.

We can see that the proposed method has the best perfor-
mance out of the three methods. When we only have observa-
tions at t = 0, 0.25, 0.5, 0.75, and 1, that is, S = 5, the proposed
method has an average NMI of 0.930. Table 1 summarizes the
performance ofMethod 1when the snapshot is taken at different
times. From the low NMI measures from Method 1 in Table 1,
it is clear that one snapshot cannot fully capture the commu-
nity structure of the underlying model. Method 2 has improved
performance when S increases. However, the NMI measures for
Method 2 are still below 0.9. This is because for communities
that are active for a short period of time, the strong connections
are ablated in an aggregated picture.

Simulation Setting 2
In Simulation 2, we simulate networks using the following

model:
� At time tl , edgeAi j(tl ) is a Bernoulli random variable with

Ai j(tl ) = uAi j(tl−1) + (1 − u)v,

Table . The normalized mutual information between the true community mem-
bership and community memberships calculated fromMethod .

Snapshot at time t t=  t= . t= . t= . t= 

NMI . . . . .

where u ∼iid Bernoulli(α) and

v ∼ind Bernoulli
(

θcic j (tl ) − αθcic j (tl−1)

1 − α

)
.

� �(t ) =

⎛
⎜⎝

θ11(t ) · · · θ1K (t )
...

. . .
...

θK1(t ) · · · θKK (t )

⎞
⎟⎠

is the time-varying probability matrix.
� Our simulated networks have four communities, and each
community has 50 nodes. We have S = 100 equally spaced
observations within t ∈ [0, 1].

It can be shown that Ai j(t ) is a Bernoulli random variable
with P(Ai j(t ) = 1) = θcic j (t ). Hence, the marginal distribution
of Ai j(t ) is the same as that in Simulation 1.2. However, Ai j(tl )
and Ai j(tl−1) are correlated with

corr(Ai j(tl ),Ai j(tl−1)) = α

√
θcic j (tl−1)(1 − θcic j (tl−1))

θcic j (tl )(1 − θcic j (tl ))
.

More discussion on this model and its theoretical properties can
be found in Section 5.

In this simulation, we use the time-varying �(t ) from Sim-
ulation 1.2. Given �(t ), larger values of α result in a higher
correlation between two adjacent time points. For each α,
we simulate 100 time-varying networks G1, . . . ,G100, where
Gi = (Gi(t ), t = t1, . . . , tS). For each time-varying network Gi,
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1002 J. ZHANG AND J. CAO

we find ĉi and calculate the normalized mutual informa-
tion between the true community membership and ĉi, i =
1, . . . , 100. This procedure is performed using the proposed
method, Method 1 (single snapshot taken at t = 0) andMethod
2. The results are summarized in the right plot in Figure 3.

The proposedmethod outperformsMethod 1 andMethod 2.
When α = 0, Ai j(t ) is uncorrelated with the past observations,
and themodel is equivalent to themodel used in Simulation 1.2.

4. Data Analysis

We implement the proposed method to identify common func-
tional modules in the time-varying Drosophila melanogaster
gene regulation network described in Section 1. Using the pro-
posed method, we identify 10 groups among the 588 nodes in
G, with a maximized modularity value Q = 0.4318. A signifi-
cance test and a robustness test of this community finding are
performed in Sections 4.1 and 4.2, respectively.

Figure 1 is a graphical representation of our community find-
ings. To better view the common community structure, we plot
the adjacency matrices of the 10 networks in Figure 5. In the
adjacency matrix plot, cell (i, j) is nonempty if there is an edge
between node i and node j. The nonzero cells in the adja-
cency matrices have a block diagonal structure, which indi-
cates frequent interactions within blocks and sparse interactions
between blocks. Moreover, we can see that the number of inter-
actions within each cluster waxes and wanes over time, and
different clusters dissolve and reappear according to different
schedules.

For example, the genes from Group 1 reveal increased activ-
ity during the larval stage (time points 31–40) and experience
a peak near the end of the larval stage. The genes from Group
5 peak in their activity at the beginning of the embryonic stage
(time points 1–10) and remain active throughout the embryonic
stage. These genes become relatively inactive during the rest of
the life cycle. These findings suggest that the activity cycles of
different gene functional modules can follow distinct temporal

patterns. Since the genes we investigated are all related to the
developmental process, the modular structure weakens during
the adult stage (time points 59–66). Refer to the supplementary
file for the gene membership of each group.

To identify significantly related biological processes for each
of the 10 groups, we perform a gene ontology enrichment analy-
sis using theWeb-based Gene Set Analysis Toolkit (WebGestalt)
developed by Wang et al. (2013). The gene ontology enrich-
ment analysis identifies significantly enriched annotated biolog-
ical processes within a given set of genes. Such an analysis links
the gene set to known phenotypes and helps elucidate the roles
of these genes in states of health and disease (Subramanian et al.
2005). Moreover, the analysis can suggest potential phenotypes
for newly identified gene variants and proteins associated with
the gene set.

Figure 6 displays the heat map for the biological processes
that are significantly enriched within the 10 groups of genes. A
dark-colored cell at the ith row and the jth column in the heat
map indicates that the ith biological process is strongly enriched
in the jth gene group. Refer to the supplementary file for more
details on the enrichment analysis. We can see that each group
is enriched with several biological processes; the enrichment is
especially strong for Group 4. Some processes are enriched in
all groups (processes at the upper part of the heat map), such as
anatomical structure morphogenesis, system development, organ
development, and cell differentiation. These are general pro-
cesses that include most of the biological processes involved in
the developmental process as subtypes (or child processes). The
enrichment of these processes is expected, since the genes we
studied are all involved in the development of the Drosophila
melanogaster.

We observe that more specific processes are enriched in each
group. For example, Group 3 is enriched with genes involved
in the circulatory system development; this biological process
contains child processes such as heart development and car-
diovascular system development. Notably, two highly important
genes in the heart development, “robo” (i.e., roundabout) and

Figure . Adjacency matrix of the Drosophila melanogaster gene regulation network at times t = 1, t = 10, t = 20, t = 30, t = 35, t = 40, t = 45, t = 55, t = 60, and
t = 66, with genes ordered according to the common community structure. The red dashed lines mark the boundaries of the  groups. The  groups are organized from
the bottom left to the top right (Group  on bottom left; Group  on top right).
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JOURNAL OF THE AMERICAN STATISTICAL ASSOCIATION 1003

Figure . Heatmap of enrichment in biological processes for Groups –. The upper left inset shows the color key for the enriched processes (color intensity is proportional
to the− log10 of p-values).

“eve” (i.e., even skipped), are members of Group 3. Group 4 is
significantly enriched with genes that participate in the sensory
organ development; this biological process is parent to child pro-
cesses such as sensory organ morphogenesis, eye development,
and sex comb development. Two critical genes in the eye devel-
opment, “eya” (i.e., eyes absent) and “rg” (i.e., rugose), are mem-
bers of Group 4. From Figure 5, we observe that both Groups 3
and 4 are highly active during the late embryonic stage, the lar-
val stage, and the early pupal stage (time points 20–45). More-
over, Group 3 and Group 4 have more interactions during the
late embryonic stage and the early larval stage (time points
20–35). These observations suggest that the genes involved in
the circulatory system development and the sensory organ devel-
opment are most active during the late embryonic stage, the
larval stage, and the early pupal stage, and these genes have
increased interactions during the late embryonic stage and the
early larval stage.

We also find that processes related to signaling and response
to stimulus are enriched in Group 1, while processes related

to neurogenesis such as the photoreceptor cell differentiation are
strongly enriched in Group 2. Group 5 is enriched with genes
from muscle organ development and dendrite development.
Group 6 is related to gland development, especially salivary
gland development. Several processes related to regulation of
metabolic processes are enriched in Group 7, such as regulation
of macromolecule metabolic processes and regulation of gene
expression. We can see that Group 8 is strongly enriched with
peripheral nervous system development, and Group 9 is enriched
with the epithelium development, which includes several child
processes such as morphogenesis of embryonic epithelium and
dorsal closure. It is worth mentioning that many biological
regulation related processes are enriched in Group 10, despite
its relatively small size.

Identifying these functional modules can provide valuable
insights into their temporal patterns of activation, appearance,
and disappearance at different time points during the life cycle
of the Drosophila melanogaster. Due to the transient nature of
gene interactions, certain temporal patternsmay only be present
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1004 J. ZHANG AND J. CAO

Figure . The time-varying intracommunity and intercommunity edge probabilities between Group , Group , and Group . The vertical lines mark the different stages in
the development of the Drosophila melanogaster (from left to right: embryonic, larval, pupal, adulthood). The top three plots are the intracommunity edge probabilities,
and the bottom three plots are the intercommunity edge probabilities.

for short periods of time. These types of patterns can be over-
looked if we rely only on a single snapshot of the network for our
analysis. In Figure 7, we illustrate the time-varying intracom-
munity and intercommunity edge probabilities for three ran-
domly selected groups (Group 2, Group 6, and Group 9). The
intracommunity edge probability for community k at time t is
calculated using

2Okk(t )
nk(nk − 1)

,

where Okk(t ) is the number of edges within community k at
time t and nk is the size of community k, k ∈ {1, . . . ,K}. The
intercommunity edge probability between community k and
community h at time t is calculated using

Okh(t )
nknh

,

whereOkh(t ) is the number of edges between community k and
community h at time t , k, h ∈ {1, . . . ,K}.

From Figure 7, we see that the activeness of Group 2 has two
peaks: one in the mid-embryonic stage and one near the begin-
ning of the adulthood stage. Group 6 displays an increase in
activity in the larval and early pupal stages, andGroup 9 is highly
active during the late embryonic and larval stages. Clearly, these
three different groups follow three distinct temporal patterns;
this shows that the activeness of the functionalmodules is highly
dynamic in nature. Genes in functional modules act in tan-
dem to achieve a relatively autonomous functionality, and the
interactions between functional modules are weak. This can
be observed from the bottom three plots of Figure 7, which
show that the interactions between the three groups remain at
a low level throughout the life cycle of Drosophila melanogaster.

Previous experimental genetic studies have revealed similar
findings. For example, empirical studies have revealed that the
cell growth process can be decoupled from the cell cycle process
in yeast, suggesting that independent modules control these two
processes (Jorgensen et al. 2002).

4.1. Significance Test

In this section, we perform the significance test described in
Section 2.4 on the identified community structure. From the null
model for theDrosophila melanogaster gene regulation network,
we generate 100 time-varying networks g1, . . . , g100, where gi =
(g1i , . . . , g66i ), i = 1, . . . , 100. We set the rewiring step param-
eter N0 to 2000, which is approximately the total number of
edges at each time point. With the thinning in the MCMC algo-
rithm, the 100 samples we obtain are approximately iid. For
each time-varying network, we find the maximum modular-
ity maxe Q(e, gi), i = 1, . . . , 100, and calculate the empirical
p-value,

1
100

100∑
i=1

I
(
Q(e∗,G) ≤ max

e
Q(e, gi)

)
.

See Figure 8 for the histogram of maxe Q(e, gi), i = 1, . . . , 100.
The maximized modularity of the observed network is Q =

0.4318, which is significantly larger than themodularitymaxima
of the 100 networks sampled from the null model. The p-value
is estimated to be zero, and this indicates that the community
structure we identified is highly significant. We repeat this pro-
cedure 100 times. For all of the 100 runs, the p-values are esti-
mated to be zero.
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Figure . Histogram of the maximized modularity of the  randomly sampled
time-varying networks from the null model.

4.2. Robustness Test

In this section, we perform the robustness test described in
Section 2.5 on the identified community structure. Figure 9
is a plot of the normalized mutual information as a function
of the perturbation parameter γ . For each γ , we repeat the
perturbation procedure N = 10 times and report the average
of the normalized mutual information measures. When γ = 0,
the network is unperturbed, and the normalized mutual infor-
mation between c and ĉ is 1, indicating that the two community
findings are identical.

In Figure 9, we see that the community structure detected
through our method is robust against small perturbations of the
network. For example, the average normalized mutual informa-
tion is close to 0.8 when γ = 0.2. Roughly speaking, we can

Figure . The normalized mutual information as a function of the perturbation
parameter γ for the Drosophila melanogaster gene regulation network (red trian-
gles), along with results for the corresponding random networks (black circles).

say that approximately 20% of the edges must be rewired before
20% of the vertices move to different communities. On the other
hand, for a random graph, rewiring 20% of the edges will change
approximately 90% of the community assignments.

To determine how the normalized mutual information
changes as a function of the perturbation parameter γ for ran-
dom networks, we go through the following steps:

Step 1: Generate a time-varying network g̃ = {g̃1, . . . , g̃66},
where g̃t is a randomly generated simple graph with
degree sequence d(t ), t = 1 . . . , 66, and d(t ) is the
degree sequence of the Drosophila melanogaster net-
work at time t .

Step 2: Calculate ĉ = argmaxQ(e, g̃).
Step 3: Use the proposed perturbation scheme in Section 2.5

to perform a perturbation of g̃ at level γ . Denote the
perturbed time-varying network as g̃γ .

Step 4: Find ĉγ = argmaxQ(e, g̃γ ).
Step 5: Calculate the normalized mutual information

between ĉ and ĉγ .
For each γ , the above procedure is repeated 10 times and the

average is reported.
In randomly generated time-varying networks, the time-

varying degree sequence D observed in the Drosophila
melanogaster network is preserved. That is, the number of
connections to gene i at time t in the randomly generated net-
work is the same as that in the observed network. However, in
the random network, edges are randomly placed between nodes
with no community configurations. For random time-varying
networks, there should be no community structure. This implies
that for any partition, the number of intracommunity edges
should be close to the number of intercommunity edges. In this
case, since ĉ is obtained by maximizing Q(e, g̃), ĉ is expected
to be very sensitive to structure perturbations. Even a small
perturbation can cause a significant change in the output of the
algorithm.

It is worth mentioning that, in the real data analysis step, we
also considered Method 1 and Method 2 described in Section
3. Since the topology of the network changes remarkably over
time (as observed in Figure 1), Method 1 yields highly variable
community detection results when different snapshots are used.
Comparing the community detection results that we obtained
using networks from two adjacency time points, G(tl ) and
G(tl+1), we find that the normalized mutual information is on
average 0.66. Using Method 2, nine communities are identified.
However, the community findings are difficult to interpret (see
supplementary file for a summary of the results). This could be
because the fact that inMethod 2, the networks at all time points
are aggregated, and the temporal aspect of the network is com-
pletely ignored. For example, using Method 2, Group 3 consists
of genes that are related to sensory organ development, cardio-
vascular development, and epithelium development, and Group
6 consists of genes that are related to gland development and
epithelium development.

5. Consistency

The consistency property of community detection methods for
static networks has been well studied in the literature (Bickel
and Chen 2009; Rohe, Chatterjee, and Yu 2011; Zhao, Levina,
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1006 J. ZHANG AND J. CAO

and Zhu 2012; Jin 2015). However, the theoretical properties of
community-finding methods on time-varying networks remain
largely unaddressed. In this section, we investigate the theoret-
ical properties of our proposed method for finding common
modules in a time-varying network. To do so,we propose a time-
varying stochastic block model framework with a temporal cor-
relation structure.

Temporal Stochastic Block Model (TSBM)
1. Dynamic network G = (G(t ), t = t1, . . . , tS), has node

set V = {v1, . . . , vn} and a latent community label c =
(c1, . . . , cn), where ci ∈ [1, . . . ,K] is the community
that node i belongs to.

2. Themarginal distribution of c = (c1, . . . , cn) ismultino-
mial, with parameters π = (π1, . . . , πK ), that is, nodes
independently belong to community j with probability
π j, 1 ≤ j ≤ K.

3. Define the time-varying probability matrix �(t ) =(
θ11(t ) · · · θ1K (t )

...
. . .

...
θK1(t ) · · · θKK (t ),

)
where θkl (t ) is a function of t .

4. Given c, the edgesAi j(tl ) are independent Bernoulli ran-
dom variables with

Ai j(tl ) = uAi j(tl−1) + (1 − u)v,

where u ∼iid Bernoulli(α) and

v ∼ind Bernoulli
(

θcic j (tl ) − αθcic j (tl−1)

1 − α

)
,

where 0 ≤ α < 1, θkl (tl ) ≥ αθkl (tl−1) and 1 − θkl (tl ) ≥
α(1 − θkl (tl−1)).

To have
θcic j (tl )−αθcic j (tl−1)

1−α
∈ [0, 1], we have θkl (tl ) ≥ αθkl (tl−1)

and 1 − θkl (tl ) ≥ α(1 − θkl (tl−1)). The random variable v is
defined so that Ai j(t ) is a Bernoulli random variable with
P(Ai j(t ) = 1) = θcic j (t ). Hence, the marginal distribution of
Ai j(t ) is Bernoulli(θcic j (t )) and marginally, A(t ) follows a
stochastic block model with probability matrix �(t ). However,
under this model, Ai j(tl ) and Ai j(tl−1) are correlated with

corr(Ai j(tl ),Ai j(tl−1)) = α

√
θcic j (tl−1)(1 − θcic j (tl−1))

θcic j (tl )(1 − θcic j (tl ))
.

When α = 0, Ai j(tl ), l = 1, . . . , S, become independent
samples from a stochastic block model with a time-varying
probability matrix. If the probability matrix �(t ) remains
homogenous over time, we have

corr(Ai j(tl ),Ai j(tl−k)) = αk, k = 1, 2, . . . .

Given �(t ), the greater α is, the stronger the correlation is
between Ai j(tl ) and Ai j(tl−k), k = 1, 2, . . ..

Under the proposed framework in Section 2, we identify
common modules by finding the maximizer of the modularity
function in (4), that is,

ĉ = arg max
e=(e1,...,en )
ei∈{1,...,K}

Q(e,G), (6)

whereG is a time-varying network. Under the temporal stochas-
tic block model framework, we can consider two possible
asymptotic regimes for the time-varying network:

1. Number of snapshots S is fixed and the graph size
n → ∞.

2. Number of snapshots S → ∞ and the graph size n is
fixed.

Under the first regime, the consistency property of (6)
directly follows the results in Bickel and Chen (2009) and Zhao,
Levina, and Zhu (2012). The second regime has not been con-
sidered in the literature, and we will focus on this setting in our
work.We show that the estimator ĉ has the following consistency
property.

Theorem 1. Consider G from a temporal stochastic block model
with �(t ). Define Wt to be a K × K matrix, with Wt

ab =
πaπbθab(t )/Wt

0 , Wt
0 = ∑

ab πaπbθab(t ) and define Ct = Wt −
(Wt1)(Wt1)T , t = t1, . . . , tS. If the time-varying stochastic
block model satisfies

∑
t
∑

a C
t
aa > 0 and

∑
t
∑

ab C
t
ab < 0 for

a �= b, then we have

∀ε > 0,P

[(
1
n

n∑
i=1

I(ĉi �= ci)

)
< ε

]
→ 1 as S → ∞, (7)

where ĉ = argmaxe Q(e,G).

See supplementary file for proof. The consistency in
Theorem 1 and the consistency in Bickel and Chen (2009)
and Zhao, Levina, and Zhu (2012) are defined in two different
asymptotic regimes. Specifically, in our setting, the number of
graphs from the TSBM goes to infinity, while in each graph, the
number of nodes n remains fixed. This corresponds to a setting
where a large number of snapshots are taken of a time-varying
network with a fixed number of nodes.

The constraints on the parameters in Theorem 1 essentially
require that, on average, links are more likely to be established
within blocks than between blocks, even though communities
are not “active” throughout the entire observation window. One
example is the �(t ) in Simulation 1.2 and Simulation 2.

In the simplest case, when K = 2 and �(t ) is time-
homogenous, the conditionsCaa > 0,Cab < 0 simplify to

θ11θ22 > (θ12)
2. (8)

We can see that condition (8) is satisfied by TSBMs with the fol-
lowing parameter constraints:

P(Ai j = 1|ci = 1, c j = 1) > P(Ai j = 1|ci = 1, c j = 2), (9)

P(Ai j = 1|ci = 2, c j = 2) > P(Ai j = 1|ci = 1, c j = 2).
(10)

Constraints (9) and (10) correspond to the motivation that
links are more likely to be established within communities than
between communities.

6. Discussion

In this article, we provide a statistical framework for finding
common modules in the time-varying Drosophila melanogaster
gene regulation network.We also propose a significance test and
a robustness test for our community findings. Using the pro-
posed method, we identify interesting functional modules in
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the gene regulation network. We also show that under a time-
varying stochastic block model framework, the proposed mod-
ularity function is consistent.

Our method can be extended to directed networks. A few
methods have been proposed for finding communities in static
directed networks using modified modularity functions (see
Fortunato 2010 for a review). The incorporation of directed
edges will require a modification of our null model. One pos-
sibility would be to use the configuration model for directed
networks.

Consider the proposed temporal stochastic block model
framework. Another approach to find ĉ is to estimate�(t ), α,π,
and c through maximizing the likelihood function. Estimating
�(t ) and c in themodel can be very challenging, since the forms
of θkh(t ), k, h = 1, . . . ,K are unknown and the space contain-
ing all possible community assignments c is of size Kn. More-
over, it is unclear whether ĉ will be consistent as the number
of snapshots S → ∞. With the proposed temporal stochastic
block model, the time-varying probability matrix specification,
parameter estimation, and the theoretical properties of ĉ is an
interesting topic to investigate next.

SupplementaryMaterials

The supplementary materials contain proof of Theorem 1, details of the
genes contained in the identified communities, further information on the
gene ontology enrichment analysis and community findings when applying
Method 2 to the Drosophila melanogaster gene regulation network.
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