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Summary. Applied scientists often like to use ordinary differential equations (ODEs) to model complex dynamic processes
that arise in biology, engineering, medicine, and many other areas. It is interesting but challenging to estimate ODE parame-
ters from noisy data, especially when the data have some outliers. We propose a robust method to address this problem. The
dynamic process is represented with a nonparametric function, which is a linear combination of basis functions. The nonpara-
metric function is estimated by a robust penalized smoothing method. The penalty term is defined with the parametric ODE
model, which controls the roughness of the nonparametric function and maintains the fidelity of the nonparametric function
to the ODE model. The basis coefficients and ODE parameters are estimated in two nested levels of optimization. The coeffi-
cient estimates are treated as an implicit function of ODE parameters, which enables one to derive the analytic gradients for
optimization using the implicit function theorem. Simulation studies show that the robust method gives satisfactory estimates
for the ODE parameters from noisy data with outliers. The robust method is demonstrated by estimating a predator–prey
ODE model from real ecological data.
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1. Introduction
Ordinary differential equations (ODEs) are popular models
for describing complex dynamic systems in biology, engineer-
ing, physics, and many other areas of applied science and tech-
nology. For instance, ODEs display some dynamic behaviors
similar to those observed in ecological populations in the field
and laboratory, such as coexistence at an equilibrium, a limit
cycle, or a chaotic attractor (e.g., Becks et al., 2005). There-
fore, ODEs are widely used for understanding and predict-
ing the dynamics of interacting populations (Rosenzweig and
MacArthur, 1963; Murdoch, Briggs, and Nisbet, 2003). The
Lotka–Volterra model, which refers to two coupled ODEs, is
the pioneering and simplest possible predator–prey dynamic
model. It has been modified in many ways since its original
formulation in the 1920s. Some of the modifications include
inducible defenses in the prey (Vos et al., 2004) and adaptive
foraging by the predator (Kondoh, 2003).

Although an ODE model can be proposed by applied sci-
entists based on their expert knowledge about the dynamic
process, the parameters in the ODE models are often un-
known. Estimation of ODE parameters from real data is of
great interest, but is a difficult problem, because most ODEs
do not have analytic solutions, and numerically solving ODEs
is computationally expensive.

A host of methods have been proposed to estimate ODE
parameters from noisy data. Bard (1974) and Biegler, Dami-
ano, and Blau (1986) introduced the nonlinear least squares
method, which searches for the optimal values of ODE pa-
rameters by optimizing the fitting of the numerical solutions
of the ODEs to the data. However, the numeric solution is
very sensitive to the parameter values, resulting in the op-

timization surface having many local optimizers. Hence the
nonlinear least squares method sometimes does not converge.
A referee points out that the roughness of the optimization
surface due to the numeric ODE solutions may cause difficul-
ties when finite difference approximation is used to calculate
gradients for nonlinear least squares. This numeric problem
can be solved if gradients are calculated by solving the varia-
tional equations, making the optimization much more stable.
On the other hand, the roughness of the optimization surface
due to the ODE model structure itself, e.g., from oscillatory
behavior, is a more difficult problem for the standard nonlin-
ear least squares method. A possible remedy in this case is
the multiple shooting approach (Bock, 1983). Gelman, Bois,
and Jiang (1996) solved this optimization problem by using
a Bayesian approach. Both methods repeatedly solve ODEs
numerically over thousands of parameter values, and the com-
putation is very intensive.

A two-step approach was suggested by Varah (1982) and
was later developed by Ramsay and Silverman (2005), Poy-
ton (2005), Chen and Wu (2008), and Brunel (2008). The first
derivative of the dynamic process is estimated in the first step,
and is treated as a response variable in the second step. The
ODE parameters are then estimated with a standard nonlin-
ear least squares method in the second step. The bottleneck
for the two-step approach is the difficulty in estimating the
first derivative accurately.

Ramsay et al. (2007) develop the generalized profiling
method, which uses a nonparametric function to represent the
dynamic process with the penalized spline smoothing method.
This method has been shown to obtain good estimates of the
ODE parameters with low computational load. Qi and Zhao
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(2010) establish the asymptotic efficiency of the generalized
profiling method.

All of the above methods do not take into account that the
data may have outliers, which is often a serious problem in
practice. We propose a robust method for estimating param-
eters in ODE models from real data. The dynamic process
is represented as a nonparametric function, which is a lin-
ear combination of some basis functions. The nonparametric
function is estimated with the robust (M -type) smoothing
method. We define some robust measurement of the fitted
residuals to ensure that the estimated nonparametric func-
tion is robust to the outliers in the data.

Robust smoothing has been studied by Huber (1979), Cox
(1983), Härdle and Gasser (1984), Silverman (1985), and Hall
and Jones (1990). We extend their work by defining a penalty
term incorporating the ODEs. Defining a penalty term with
the ODEs has two advantages. First, the penalty term con-
tains derivatives coming from the ODEs, which can penalize
the roughness of the nonparametric function. This allows us
to use a saturated number of basis functions to construct the
nonparametric function, and the nonparametric function will
not overfit the data. Second, the penalty term penalizes the
infidelity of the nonparametric function to the ODEs, which
forces the nonparametric function to represent the dynamic
process that is modeled with the ODEs.

The basis coefficients and ODE parameters are estimated
in two nested levels of optimization. In the lower level opti-
mization, the robust penalized smoothing method estimates
the basis coefficients, conditional on the ODE parameters. So
the estimator for the basis coefficients can be treated as an
implicit function of the ODE parameters. In the upper level
optimization, the ODE parameters are then estimated by min-
imizing the summation of the robust norm of fitting errors of
the nonparametric function. The optimization is accelerated
by providing the analytic gradients, which are derived using
the implicit function theorem. The variances of the ODE pa-
rameters are estimated by the sandwich method (Huber, 1967;
White, 1982; Kauermann and Carroll, 2001).

The robust method for estimating ODE parameters is
motivated by a predator–prey dynamic system described
in Fussmann et al. (2000). An aquatic laboratory commu-
nity containing two microbial species whose dynamic behav-
ior is studied by Fussmann et al. (2000), Shertzer et al.
(2002), and Yoshida et al. (2003). The system is a nutrient-
based predator–prey food chain, in which unicellular green
algae, Chlorella vulgaris, are eaten by planktonic rotifers, Bra-
chionus calyciflorus. The growth of Chlorella is also limited by
the supply of nitrogen. Chlorella and Brachionus are grown
together in replicated, experimental flow-through cultures,
called chemostats. Nitrogen continuously flows into the sys-
tem with concentration N ∗ at the dilution rate δ, and all
variables are removed from the chemostats at the same rate
δ. Fussmann et al. (2000) mathematically model the system
using a set of nonlinear ODEs, coupled by consumer–resource
interactions between the planktonic rotifers, green algae, and
the nitrogen resource:

dN

dt
= δ(N ∗ − N ) − FC (N )C ,

dC

dt
= FC (N )C − FB (C)B/ε − δC ,

dR

dt
= FB (C)R − (δ + m + α)R ,

dB

dt
= FB (C)R − (δ + m)B , (1)

where N , C , R, B are the concentrations of nitrogen,
Chlorella, reproducing Brachionus, and total Brachionus, re-
spectively; FC (N ) = bC N/(kC + N ), FB (C) = bBC/(kB + C)
are two functional responses (with bC and bB the maximum
birth rates of Chlorella and Brachionus; kC and kB the half-
saturation constants of Chlorella and Brachionus); and ε, α,
and m are the assimilation efficiency, the decay of fecundity,
and the mortality of Brachionus, respectively.

The above dynamic model correctly predicts three qualita-
tive types of dynamic behavior of the experimental system:
the predator and prey coexist at an equilibrium at low nu-
trient supply (small δ or small N ∗); the system switches to
a limit cycle when nutrient supply increases (increasing δ or
N ∗); very high nutrient supply leads to extreme oscillations
that cause the extinction of the predator or both the preda-
tor and the prey. However, Fussmann et al. (2000) point out
that their model performs poorly at predicting quantitative
aspects of the experimental predator–prey dynamics because
of the lack of knowledge of the parameter values. Cao, Fuss-
mann, and Ramsay (2008) improve the fitting of the ODE
solution to the real data by estimating the ODE parameters
using the generalized profiling method.

Figure 1 displays the ODE solutions using the generalized
profiling estimates and the parameter values given in Fuss-
mann et al. (2000). The generalized profiling method clearly
makes the ODE solutions fit the data better, which is a good
validation for the ODE model (1). However, one data point
(marked with a circle in Figure 1) is too high for the cyclic
trend of the concentration of Brachionus, and may be an out-
lier, but the generalized profiling method does not consider
this outlier problem. Our robust method should further im-
prove the fitting of the ODE model by downweighting the
impact of outliers, which will be shown in Section 3.

Our article is organized as follows. The robust method
for estimating ODE models from noisy data is introduced in
Section 2. Simulation studies are presented in Section 3 to
evaluate the finite-sample performance of the robust method.
Sections 4 demonstrates the robust method by estimating a
predator–prey ODE model from the real ecological data. Con-
clusions and discussions are given in Section 5.

2. The Robust Method
In this section, we introduce the robust method for estimating
ODE models from the noisy data. For simplicity of notation,
we first assume that the ODE model is composed of one single
variable, and later extend the notation to include ODE mod-
els with multiple variables. Let X(t) be a dynamic process
modeled with one ODE

dX(t)
dt

= h(X(t) |θ) , (2)

where h(X(t) |θ) has a known parametric form. The parame-
ter vector θ is unknown and to be estimated with the robust
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Figure 1. The numeric solutions of the predator–prey ODE (1) using the generalized profiling parameter estimates or the
parameter values given in Fussmann et al. (2000). Observed experimental data are from Yoshida et al. (2003; Figure 2), with
dilution rates δ = 0.68 day−1. The unit of Chlorella and Brachionus is μmol L−1, and the unit of time is day.

method from noisy observations y(ti ), i = 1, . . . , n, where we
assume y(ti ) to have mean X(ti ) and variance σ2.

The ODE parameter θ is estimated in two nested levels
of optimization. In the lower level optimization, a nonpara-
metric function x(t) is estimated to represent the dynamic
process by robust penalized smoothing using an ODE-defined
penalty, conditional on θ. Therefore, the estimate x̂(t) can be
treated as a function of θ. In the upper level optimization,
θ is estimated by minimizing the summation of the robust
norm of errors, which is a function of x̂(t), and thus is also a
function of θ.

2.1 Robust Penalized Smoothing with the ODE-defined Penalty
The dynamic process is represented with a nonparametric
function x(t), which is constructed as a linear combination
of K basis functions φk (t), k = 1, . . . , K ,

x(t) =
K∑

k=1

ck φk (t) = cT φ(t) .

The basis system must have the capacity to represent the dy-
namic process, as well as derivatives involved in the ODEs.
Many ODE solutions have sharp features, such as peaks, val-
leys, high-frequency oscillations, and discontinuities in deriva-
tives. Therefore we choose the B-spline basis system that can
accommodate the discontinuities by assigning multiple knots
to the critical locations (Ramsay and Silverman, 2005). More-
over, B-spline basis functions are only positive over a short
subinterval and zero elsewhere. This is called the compact sup-
port property, and is essential for efficient computation using
sparse programming techniques. A saturated number of basis
functions are used here to make sure that the nonparametric
function x(t) can well represent the dynamic process. A rule
of thumb is to use the cubic B-spline basis functions with 4n
equally spaced knots. More knots may be required when the
dynamic process has some sharp features. However, this may
cause the over-fitting problem, because the number of basis
coefficients is larger than the number of observations to fit.

To avoid over-fitting, a penalty term is defined to penalize
the roughness of the nonparametric function. For instance, in
order to obtain a smooth nonparametric function, the penalty
term can be defined in terms of the second derivative of the
function, that is,

PEN(x) =
∫ tn

t1

{
d 2x(t)

dt2

}2

dt .

This is called penalized spline smoothing (Eilers and Marx,
1996; Ruppert, Wand, and Carroll, 2003). In our case, the
nonparametric function must also satisfy the ODE model (2),
so it is natural to define the penalty term with the ODE model

PEN(x |θ) =
∫ tn

t1

{
dx(t)

dt
− h(x(t) |θ)

}2

dt .

The vector of spline coefficients, c, is estimated by minimiz-
ing the negative penalized log-likelihood function, conditional
on the ODE parameter θ,

− 1
n

n∑
i=1

log f (y(ti ) − x(ti )) + λ

∫ tn

t1

{
dx(t)

dt
− h(x(t) |θ)

}2

dt,

where the smoothing parameter λ controls the trade-off be-
tween fit to the data and fidelity to the ODE model, and f (·)
is the density function for the residuals ri = y(ti ) − x(ti ) .
If f (·) is the normal density function, the above criterion is
equivalent to the penalized sum of squared errors .

In this article, we define some robust measurement of resid-
uals f (r) = exp (−ρ(r)), where ρ(r) is typically convex and
symmetric about zero, quadratic in the neighborhood of zero,
and increasing at a rate slower than r2 for large r. So ρ(r)
downweights extreme residuals in comparison with squared
residuals. One common choice of ρ is the family of Huber
functions

ρ(r) =

{
r2 if |r| � κ ,

2κ|r| − κ2 if |r| > κ ,
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Figure 2. The Huber function ρ(r) and the first derivative
dρ/dr.

where κ is the cutoff of the Huber functions. Figure 2 displays
one example of the Huber function and its first derivative.
Users can also choose other robust functions for ρ(r), such as
the bisquare family of functions.

The robust penalized smoothing method can be general-
ized to a set of ODEs with multiple variables. Denote the
set of ODEs as dX
 (t)/dt = f
 (X(t) |θ), 
 = 1, . . . , S, where
X(t) = (X1(t), . . . , XS (t))T , and the parametric form of f 
 (·)
is known. Suppose only M variables are observed, where M �
S. Denote yj (tij ) as the observation for the jth variable at tij ,
i = 1, . . . , nj , j = 1, . . . , M . The 
th variable is represented
as a linear combination of basis functions, x
 (t) = cT


 φ
 (t),

 = 1, . . . , S.

The vector of basis coefficients c = (cT
1 , . . . , cT

S )T is esti-
mated by minimizing

J(c |θ) =
M∑
j=1

ωj

n j∑
i=1

ρj (yj (tij ) − xj (tij ))

+
S∑


=1

λ
 ω


∫ tn

t1

{
dx
 (t)

dt
− f
 (x(t) |θ)

}2

dt , (3)

where x(t) = (x1(t), . . . , xS (t))T is a vector of nonparamet-
ric functions for the S variables. The robust measurement
of residuals, ρj (·), is chosen as the Huber function with the
cutoff parameter κj for each variable. The weight, ωj , is the
normalizing weight, which is required in order to maintain
comparable scales for different variables. A referee points out
that the optimal weights are the inverse of the variance of
measurement noises in the case of squared loss. Better esti-
mates may be obtained with the iterated reweighted robust
estimation in which the weights are updated in each iteration
as the inverse of the estimated variance of the measurement
noises.

Some ODE variables may not be observed, i.e., M < S.
For instance, in our predator–prey ODEs (1), only the con-
centrations of Chlorella (C) and total Brachionus (B) are ob-

served, so we have S = 4 and M = 2. When some variables
are not observed, the nonparametric functions representing
these missing variables can still be estimated by minimizing
(3), because these nonparametric functions are contained in
the penalty term. The implementation for optimizing J(c |θ)
is discussed in Web Appendix A.

2.2 Estimating ODE Parameters
The ODE parameters θ are estimated in the top level of op-
timization by minimizing the summation of the robust norm
of errors for the fitting of the nonparametric functions

H(θ) =
M∑
j=1

ωj

n∑
i=1

ρj (yj (tij ) − φj (tij )ĉj (θ)) ,

where ĉj (θ) is the conditional estimate of the spline coeffi-
cients for the jth variable by minimizing (3), which is treated
as a function of θ . This function ĉj (θ) cannot be expressed
explicitly, so a lower level of optimization for estimating cj

conditional on θ, described in Subsection 2.1, is embedded
inside the objective function H(θ) .

The optimization is faster and more stable if we can provide
the analytic gradient, which is expressed using the chain rule

dH

dθ
=

(
d ĉ
dθ

)T
dH

d ĉ

where ĉ = (ĉT
1 , . . . , ĉT

S )T is the vector of spline coefficient es-
timators. The above gradient requires the analytic expression
for the first-order derivative of ĉ with respect to θ, but ĉ can-
not be expressed explicitly as a function of θ. Fortunately, the
implicit function theorem can be applied to find the analytic
expression for the first-order derivative of ĉ with respect to
θ, which is introduced as follows. Taking the θ-derivative on
both sides of the identity ∂J/∂c |

ĉ
= 0

d

dθ

(
∂J

∂c

∣∣∣∣̂
c

)
=

∂2J

∂c∂θ

∣∣∣∣̂
c

+
∂2J

∂c2

∣∣∣∣̂
c

d ĉ
dθ

= 0 .

Assuming that ∂2J/∂c2 |̂
c

is nonsingular, the analytic expres-
sion for the first-order derivative of ĉ with respect to θ is
obtained

d ĉ
dθ

= −
[

∂2J

∂c2

∣∣∣∣̂
c

]−1[
∂2J

∂c∂θ

∣∣∣∣̂
c

]
.

2.3 Variances of the ODE Parameters
The variances for the ODE parameters are estimated with the
sandwich method. The sandwich method provides a consistent
estimate for the covariance matrix of θ̂, without the need to
make any distribution assumptions (Carroll et al., 2006). In
the top level of optimization, the estimating equation for θ is

M∑
j=1

ωj

n j∑
i=1

Ψij (θ) = 0 ,

where

Ψij (θ) =

(
dĉj

dθ

)T

φj (tij )ρ′{yj (tij ) − φT
j (tij )ĉj (θ)} .
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The sandwich method estimates the covariance matrix of θ̂
as

Ĉov(θ̂) = A−1(θ̂)B(θ̂){A−1(θ̂)}T ,

where the two matrices A(θ) and B(θ) are

A(θ) =
M∑
j=1

ωj

n j∑
i=1

d

dθ
Ψij (θ) ,

B(θ) =
M∑
j=1

ωj

n j∑
i=1

Ψij (θ)Ψij (θ)T ,

where the analytic derivative for dΨij /dθ is given in Web
Appendix B. This requires the second-order derivative of ĉ
with respect to θ, which is also derived using the implicit
function theorem.

2.4 Identifiability of ODE Parameters
Denote θ∗ as the true value of the ODE parameter θ, and
X∗(t) as the solution of ODEs when the parameter value is
θ∗. Brunel (2008) proposed a global identifiability criterion
for the ODE parameter θ. Under L2 norm on the space of
integrable functions on [t1, tn ], the identifiability criterion is

∀ν > 0, inf
||θ−θ∗||�ν

R(θ) > R(θ∗) ,

where

R(θ) =
S∑


=1

√∫ tn

t1

[f
 (X∗(t) |θ∗) − f
 (X∗(t) |θ)]2 dt .

In practice, Brunel (2008) suggested checking the identifiabil-
ity of ODE parameters by considering the singularity of the
Hessian H∗ of R(θ) at θ = θ∗

H∗ =
S∑


=1

∫ tn

t1

[
d2f
 (X∗(t) |θ∗)

dθdθT

]2

dt . (4)

If the Hessian H∗ is nonsingular, R(θ) behaves like a positive-
definite quadratic form on the neighborhood of θ∗, and the
ODE parameter θ is identifiable.

2.5 Smoothing Parameter Selection
Our ultimate goal is to obtain an estimate for the ODE pa-
rameters θ such that the solution of the ODEs is close to the
observed data. For each value of the smoothing parameter
λ = (λ1, . . . , λS )T , we obtain the ODE parameter estimate θ̂,
so θ̂ may be treated as a function of λ. The optimal value of
λ is chosen by minimizing

F (λ) =
M∑
j=1

ωj

n j∑
i=1

ρj (yj (tij ) − sj (tij | θ̂(λ))) , (5)

where sj (tij | θ̂(λ)) is the ODE solution at the point tij with
the parameter θ̂(λ) for the jth variable . The criterion (5) can
be understood as some measurement of the prediction errors:
given the initial values of ODE variables and ODE parameter
values, the ODE numeric solution is used as the prediction
for all the data points. The criterion (5) chooses the optimal
value of λ such that the ODE solution with the parameter
estimates is closest to the data.

2.6 Estimating Initial Values of ODE Variables
The goodness-of-fit of ODE models to noisy data can be as-
sessed by solving ODEs numerically, and comparing the fit of
ODE solutions to data. Solving ODEs requires one to specify
the initial values for the ODE variables, which are defined as
the values of the ODE variables at the first time point. A tiny
change to the initial values may result in a huge difference
of the ODE solutions. Therefore, it is very important to use
an accurate estimate for the initial values. The first obser-
vations for the ODE variables at the first time point often
have measurement errors, and thus it is dangerous to use the
first observations as the initial values of the ODE variables.
Moreover, some ODE variables may not be measurable, and
no first observations are available.

A useful byproduct of the robust method is that the ini-
tial values of the ODE variables can be estimated after ob-
taining the estimates for the ODE parameters. The robust
method uses a nonparametric function to represent the dy-
namic process, hence the initial values of the ODE variables
can be estimated by evaluating the nonparametric function at
the first time point: x̂
 (t0) = ĉT


 φ(t0), 
 = 1, . . . , S . Our ex-
perience indicates that the ODE solution with the estimated
initial values tends to fit the data better than using the first
observations directly.

3. Simulations
Two simulation studies are carried out to evaluate the finite-
sample performance of the robust method, one is a linear
ODE and the other is a nonlinear ODE. The robust method is
compared with the generalized profiling method in these two
simulations. The nonlinear ODE is chosen as the FitzHugh-
Nagumo ODE, which is a popular model for describing the
behavior of spike potentials in the giant axon of squid neurons
(FitzHugh, 1961; Nagumo, Arimoto, and Yoshizawa, 1962):

dV (t)
dt

= c

(
V (t) − V (t)3

3
+ R(t)

)
,

dR(t)
dt

= −1
c

(V (t) − a + bR(t)) ,

(6)

where V (t) is the voltage across an axon membrane and R(t)
is the outward currents. The parameter a, b, c are to be esti-
mated from the simulated noisy data.

The simulated data are generated as follows. The FitzHugh-
Nagumo ODEs are solved numerically at 201 equally spaced
points on [0,20] with the initial values V (0) = −1 and R(0) = 1
and the true ODE parameters a = 0.2, b = 0.2, and c = 3 . The
noisy data are generated by adding noise from Normal(0, 1)
to the ODE solutions. We randomly select m observations
using the discrete Uniform distribution on [1,201]. These se-
lected m observations are replaced with randomly generated
outliers that are added or subtracted from the original obser-
vations with equal probability. Each outlier is generated from
the Pareto distribution, Pareto(υ = 3, ξ = 3) .

The ODE parameters, a, b, and c, are estimated from the
simulated data using the robust method and the general-
ized profiling method. Both methods represent the ODE vari-
ables, V (t) and R(t), with cubic B-splines using 201 equally
spaced knots on [0,20]. The effect of outliers is studied by
varying the number of outliers m = 0, 20, 40, 60. The ODE
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Table 1
The biases, standard deviations (SDs), and root mean squared errors (RMSEs) of parameter estimates on 100
simulation replicates using the robust method, the generalized profiling (GP) method, and the two-step method
for the nonlinear ODE (6). The tuning parameter in the Huber function, τ = 1.35, which correspond to 95%

asymptotic efficiency at the normal distribution.

No outliers 20 Outliers

True Method Bias SD RMSE Bias SD RMSE

a 0.2 Robust −0.009 0.045 0.046 −0.012 0.051 0.052
GP −0.010 0.045 0.046 −0.009 0.090 0.090
2-Step 0.019 0.092 0.094 0.024 0.130 0.131

b 0.2 Robust −4 × 10−4 0.185 0.184 −0.010 0.198 0.197
GP 4 × 10−4 0.175 0.175 −0.043 0.282 0.284
2-Step −0.908 0.199 0.929 −0.884 0.231 0.914

c 3 Robust 0.015 0.187 0.186 0.003 0.213 0.212
GP 0.017 0.197 0.196 0.065 0.407 0.410
2-Step −2.855 0.040 2.856 −2.862 0.046 2.863

40 Outliers 60 Outliers

True Method Bias SD RMSE Bias SD RMSE

a 0.2 Robust −0.012 0.069 0.069 −0.017 0.083 0.085
GP −0.094 0.524 0.529 −0.119 0.669 0.676
2-Step 0.014 0.157 0.157 0.012 0.195 0.194

b 0.2 Robust −0.019 0.271 0.271 −0.034 0.276 0.277
GP −0.188 1.069 1.080 −0.159 1.324 1.327
2-Step −0.830 0.259 0.869 −0.842 0.387 0.926

c 3 Robust −0.012 0.265 0.264 0.005 0.263 0.262
GP 0.644 3.145 3.195 0.887 2.937 3.054
2-Step −2.866 0.063 2.867 −2.867 0.067 2.868

parameters are also estimated using the robust two-step
method, which is implemented as follows. In the first step,
the estimated nonparametric functions, V̂ (t) and R̂(t), and
their derivatives, dV̂ (t)/dt and dR̂(t)/dt, are obtained by the
robust local polynomial regression (Loader, 1999); in the sec-
ond step, the three ODE parameters are estimated with the
standard linear regression by treating the estimated dV̂ (t)/dt
and dR̂(t)/dt as the response variables, and treating V̂ (t) and
R̂(t) as covariates.

Table 1 displays the biases, standard deviations (SDs), and
root mean squared errors (RMSEs) of the parameter estimates
on 100 simulation replicates using the three methods. When
the simulated data have no outliers, the robust method has
almost the same biases, SDs and RMSEs as the generalized
profiling method for all three parameters. When 20 outliers
are present in the simulated data, the generalized profiling
method has around double the SDs and RMSEs of â and ĉ
compared to the scenario with no outliers, while the robust
method has only a slightly increase. The RMSEs of the es-
timates for a, b, and c using the robust method are around
58%, 69%, and 52% of those from the generalized profiling
method, respectively. When 40 or 60 outliers are present in
the simulated data, the RMSEs of the estimates for a, b, and
c using the robust method are only around 13%, 25%, and
8% of those using the generalized profiling method. In con-
trast with the robust method and the generalized profiling
method, the robust two-step method produces seriously bi-
ased estimates for the parameter b and c. This is caused by the
poor estimates, V̂ (t) and R̂(t), and their derivatives, dV̂ (t)/dt

and dR̂(t)/dt, in the first step using robust local polynomial
regression, which does not incorporate the structure of the
ODE model. The second simulation study on the linear ODE
is discussed in Web Appendix C, and it also shows the robust
method obtains more accurate estimates than the generalized
profiling method.

4. Application
The predator–prey ODE model (1) is estimated from real eco-
logical data using the robust method. The ODE parameters
to estimate are θ = (ε, α, m, bC , bB , kC , kB )T . The biological
interpretations are given in Section 1. Four variables, N , C ,
R, B, in the predator–prey ODE model are each represented
with a cubic B-spline with 400 equally spaced knots. We only
have the data for Chlorella (C) and Brachionus (B), and the
other two variables, nitrogen (N ) and reproducing Brachionus
(R), are not measurable. Hence, the criterion (3) is used to ob-
tain the estimate of the spline coefficients, given any value of
the ODE parameters θ. We have the measurements of the two
variables, so M = 2 in (3) . The predator–prey ODE model
(1) has four variables, so S = 4 in (3). The weights ωj , j =
1, 2, 3, 4 in (3) are chosen as the reciprocals of variances of
the predator–prey ODE solutions using the parameter values
given in Fussmann et al. (2000), which are 0.0011, 0.0011,
0.16, 0.094, respectively, such that the normalized sums of
squared errors are of roughly comparable sizes. The optimal
smoothing parameter is chosen as λ
 = 104, 
 = 1, 2, 3, 4
by minimizing the criterion (5). The cutoff κj for the Huber
function ρj in (3) is taken as κj = τj σ̂j , where σ̂j is a robust
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Table 2
Parameter estimates (PEs) and the standard errors (SEs) for the predator–prey ODE model (1) from the real

ecological data. MSE is defined as the mean squared errors of the ODE solutions to the data excluding
outliers. As a comparison, we also give the parameter values given in Fussmann et al. (2000) and the

generalized profiling estimates.

Estimates ε α m bC bB kC kB MSE

Fussmann PE 0.25 0.40 0.055 3.3 2.25 4.3 15.0 1.762
Profiling PE 0.11 0.01 0.152 3.9 1.97 4.3 15.7 0.171

SE 0.02 0.14 0.073 0.47 0.26 1.95 2.01
Robust PE 0.09 7.1 × 10−5 0.072 3.5 1.74 6.6 17.5 0.122

SE 0.01 0.08 0.088 0.2 0.07 0.6 0.9
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Figure 3. Solutions of the predator–prey ODEs (1) using the parameter values as robust estimates, generalized profiling
estimates, and those in Fussmann et al. (2000). Observed experimental data are from Yoshida et al. (2003; Figure 2), with
dilution rates δ = 0.68 day−1. The circle indicates the outlier identified by robust method. The unit of Chlorella and Brachionus
is μmol L−1, and the unit of time is day.

estimate of the noise standard deviation, and τ j is a positive
constant usually chosen as τ j = 1.345 (Huber, 1981).

The parameter estimates from the observed data are shown
in Table 2. The robust method gives a smaller assimilation
efficiency (ε) and decay of fecundity (α) but larger half-
saturation constants of Chlorella and Brachionus (kC and kB )
when compared with the generalized profiling method and
the parameter values given in Fussmann et al. (2000). The
Hessian matrix defined in (4) is nonsingular under the robust
ODE parameter estimates, indicating that the ODE param-
eters are identifiable. The robust estimates for the standard
deviations are σ̂C = 1.73 and σ̂B = 2.10 . The standard er-
rors for robust estimates are estimated using the sandwich
method. We notice that some parameter values are well de-
fined by the data, as indicated by their small standard errors,
and others are poorly defined, such as parameters α and m.
This suggests that more observations are required in order to
estimate these parameters accurately.

The predator–prey ODEs (1) are solved numerically using
parameter values equal to robust estimates, generalized pro-
filing estimates, and those given in Fussmann et al. (2000),
respectively. The ODE solutions are shown in Figure 3. The
two peaks of the ODE solution for Brachionus using the robust
estimates are lower than those using the generalized profiling

estimates, because the Huber function in the robust method
downweights the effect of the outlier marked with a circle. We
define the outliers as those observations satisfying yj (tij ) >

sj (tij | θ̂(λ)) + 1.96σ̂j or yj (tij ) < sj (tij | θ̂(λ)) − 1.96σ̂j . The
mean squared errors (MSE) of the ODE solution to the ob-
servations excluding outliers are calculated to quantify the
goodness of fit of the ODE models with the parameter esti-
mates. The MSE with robust estimates is reduced 93% from
that with parameter values given in Fussmann et al. (2000).
The robust method also has 29% smaller MSE than the gen-
eralized profiling method.

5. Conclusions and Discussion
ODEs are popular tools for modeling dynamic process in
many areas. However, the values of ODE parameters are
rarely known. While it is of great interest to estimate ODE
models from noisy observations, there are some limitations
with current statistical approaches for estimating such mod-
els. For instance, the current estimation methods do not take
into account outliers in observations, and hence the estimators
are not robust.

We propose a robust method for estimating ODE mod-
els from noisy observations. A nonparametric function is
used to represent the dynamic process. The nonparametric
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function is estimated by the robust penalized spline smooth-
ing method. Some robust measurements for fitted residuals
are defined, so the estimate for the nonparametric function
is robust to any outliers in the data. The parametric ODE
models define the penalty term, which controls the roughness
of the nonparametric function and maintains the fidelity of
the nonparametric function to the ODE models.

The spline coefficients and the ODE parameters are esti-
mated by two nested levels of optimization. The spline coef-
ficients are estimated in the lower level optimization, condi-
tional on the ODE parameters, hence the coefficient estimates
can be treated as an implicit function of the ODE parameters.
The ODE parameters are then estimated in the upper level
optimization. The sandwich method is applied to estimate the
variance of the ODE parameters. The functional relationships
between the spline coefficients and the ODE parameters are
considered, and are used to derive the analytic gradients for
optimization with the implicit function theorem.

It is hard to distinguish outliers and model misspecifica-
tion when no measurement repetitions are available. In our
application, our biology collaborators would like to assume
their ODE model is correct, and obtain the robust estimate
for the ODE parameters when data are suspected to have out-
liers. Our robust estimation method is useful in this applica-
tion. However, if more than one model is available to choose
from, the first step we recommend is to do model selection
or model averaging (Claeskens and Hjort, 2008). It is very
important to be sure that the estimated parameters are sta-
tistically meaningful and reliable. When some ODE variables
cannot be measured or observed, some ODE parameters may
not be identifiable (Walter, 1987). A referee also points out
that a weighted least squares approach should be preferable if
weights for each data point are available based on information
about the measurement errors.

The simulation studies show that the robust method pro-
vides satisfactory estimates for the ODE parameters when
data have outliers. The robust method is applied to estimate
a predator–prey ODE model from the real ecological data.
The ODE model with the robust estimates fits the data bet-
ter than the generalized profiling estimates.

6. Supplementary Materials
Web Appendices A, B, C referenced in Sections 2.1, 2.3, and
3 are available under the Paper Information link at the Bio-
metrics website http://www.biometrics.tibs.org.
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