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Abstract

The population dynamics of cotton aphids are usually described by mechanistic
models, in the form of integro-differential equations (IDEs), with the IDE parameters
representing some key properties of the dynamics. Investigation of treatment effects
on the population dynamics of cotton aphids is a central issue in developing successful
chemical and biological controls for cotton aphids. Motivated by this important agricul-
tural problem, we propose a framework of analysis of variance (ANOVA) of IDEs. The
main challenge in estimating the IDE-based ANOVA model is that IDEs usually have
no analytic solution, and repeatedly solving IDEs numerically leads to a high computa-
tional cost. We propose a penalized spline method in which spline functions are used to
estimate the IDE solutions and the penalty function is defined by the IDEs. The esti-
mated IDE solutions, as implicit functions of the parameters, are inputs in a nonlinear
least squares criterion, which in turn is minimized by a Gauss-Newton algorithm. The
proposed method is illustrated using simulation and an observed cotton aphids data
set.
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1 Introduction

Aphids are small sap sucking insects which can draw a large amount of sap out of plants and

make their leaves and stems distorted (Blackman and Eastop, 2000). Aphids inflict enor-

mous damage on agricultural crops and forest trees (Dixon, 1998), resulting in worldwide

loss of billions of dollars on food and feed grains annually (Metcalf and Metcalf, 1995). The

primary economic losses caused by aphids take place on wheat, barley, corn, sorghum, oats,

and cotton (Tatchell, 1989). For instance, the cotton aphids, also called Aphis gossypii

Glover, are renowned as one of the most devastating pests of US cottons (Leclant and

Deguine, 1994). In 2007, cotton aphids infected about 64% of US cotton fields, leading to

6.7 million acres of losses of cotton production (Williams, 2008).

In order to develop successful chemical and biological controls for aphids, the dynamics of

aphid population have to be studied and understood. Since Barlow and Dixon (1980), there

has been a considerable number of work to develop mathematical models for quantifying

the aphid population dynamics. A cumulative density-dependent mechanistic model was

proposed by Kindlmann (1985) and solved analytically by Prajneshu (1998). This mecha-

nistic model, called the Kindlmann-Prajneshu model (KPM), captures the adverse effect of

honeydew accumulation on aphid survival and has gained acceptance in fitting experimental

aphid population data (Kindlmann et al., 2004; Matis et al., 2006, 2007a,b). Nevertheless,

the solution of the KPM model is reflection symmetric and can not capture the left skew-

ness presented in observed data; see Way (1967), Rabbinge et al. (1979), Mashanova et al.

(2008), and Figure 2 of the current paper. To overcome the drawback of KPM, Matis et al.

(2007c) proposed a more practical power-law generalization of KPM, called the generalized

mechanistic model (GMM). Although GMM has the desired properties in modeling aphid

population dynamics, it has not been used to fit experimental data mainly because it has

no analytic solution and there is no method available for parameter estimation.

The purpose of this paper is to fill in the gap and develop a penalized spline method

for fitting the GMM to the empirical data of cotton aphids. We develop our method
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in a general framework where the population dynamics are specified by general integro-

differential equations (IDEs) for which the GMM is a special case, and the IDE parameters

satisfy an analysis of variance (ANOVA) model. The ANOVA model has been widely used

in statistics to study treatment effects, but its use in the context of IDEs is novel. To address

the issue that the IDEs may not have an analytic solutions, linear combinations of spline

basis functions are used to estimate the IDE solutions and penalty functions defined by the

IDEs are employed to ensure the closeness of the spline approximations to the IDE solutions.

In our method, the IDE solutions are implicit functions of the IDE parameters and such

implicit functions are used in the nonlinear least squares fitting criterion. Our method does

not rely on application of numeric IDE solvers, and thus can avoid the potentially high

computational cost for repeatedly solving the IDEs.

The rest of the article is organized as follows. Section 2 reviews mechanistic models for

aphid population dynamics. Section 3 describes the experimental data of aphid population,

and their IDE-based ANOVA model. Our penalized spline method for estimating a general

ANOVA model of IDEs is presented in Section 4. Simulation studies are conducted in

Section 5 to evaluate the finite sample performance of our method. In Section 6, our method

is applied on the observed data to examine the significance of the main and interaction

effects of nitrogen fertilization and water irrigation treatments on cotton aphid population

dynamics. Section 7 concludes the paper. Some technical details are collected in the

Appendix.

2 Review of Mechanistic Models

Let N(t) denote the aphid population size at time t, and F (t) =
∫ t
0 N(s) ds denote the

cumulative density up to time t. The mechnistic model of Kindlmann (1985) states that

dN(t)

dt
= λN(t)− δF (t)N(t), (1)
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where λ is the birth rate parameter, and δ is the death rate parameter. This model assumes

that the growth of aphid population is determined by the net difference between birth rate,

λN(t), and death rate, δF (t)N(t). The dependence of aphid death rate on the cumulative

density is supported by the facts that honeydew excreted by the aphids degrades the living

environment of aphids, and the area covered by honeydew is proportional to the cumulative

density of the aphid population in the past (Dixon, 1998). Prajneshu (1998) showed that

the analytic solution of (1) takes the form

N(t) = a exp(−bt){1 + d exp(−bt)}−2. (2)

Denote N0 = N(0) and Nmax for the unique maximum of N(t). The three parameters, a, b,

and d, in (2) satisfy the following relationships: N0 = a/(1 + d)2, λ = b(d− 1)/(d+ 1), δ =

b2/(2Nmax), and N0 = 4dNmax/(1+d)2. These relationships can be used to reparameterize

the analytical solution using interpretable parameters, λ, δ, and Nmax. Model (1) is often

referred to as the Kindlmann-Prajneshu Model (KPM).

Figure 1 shows that the analytic solution of the KPM is reflection symmetric. Using

observed data, Matis et al. (2007c) argued that the curve of aphid population size as a

function of time should be left-skewed, a feature that the KPM model can not capture.

Therefore, Matis et al. (2007c) suggested the following power-law generalization of the

KPM

dN(t)

dt
= λN(t)− δ{F (t)}sN(t), where s > 1. (3)

Equation (3) is referred to as the generalized mechanistic model (GMM). As one can see

from Figure 1, the solution of the GMM is left-skewed. When s = 1, the GMM is reduced

to the KPM, and the corresponding solution is symmetric. Thus, s is a power parameter

controlling the skewness of the solution of the GMM.

Figure 1 also shows that, under the GMM, the population gradually grows before achiev-

ing its peak value, and then quickly falls down. Thus GMM captures three key features of

the underlying biological principles for aphid population dynamics: (a) offspring produc-

4



0 2 4 6 8 10 12
time

ap
hid

 po
pu

lati
on

 siz
e

 

 

s>1 (GMM)
s=1 (KPM)

Figure 1: Solutions of the KPM (1) and the GMM (3).

tion is prolific; (b) growth is constrained by the cumulative density of the past generations;

(c) the population diminishes rapidly after the population peak, which is due to the rapid

departure of the aphids once their local resources are depleted.

3 Aphid experimental data and their IDE-based ANOVA

model

Irrigation water and nitrogen fertilization are two primary factors affecting cotton produc-

tion. To investigate the effects of various water and nitrogen treatments on the population

dynamics of the cotton aphids, an experiment was conducted in 2004 at the Texas A&M

Agricultural extension center in Lubbock, TX. Three irrigation levels and three nitrogen fer-

tilization treatments are tested in a randomized block split-plot experimental design (Jones

and Nachtsheim, 2009). The three irrigation levels are 65% (low), 75% (medium) and 85%

(high), which are indexed as i = 1, 2, 3 in this paper. The three levels of nitrogen treat-

ments are no nitrogen (zero), variable-rate-nitrogen (variable), and blanket-rate-nitrogen

(blanket), which are indexed as j = 1, 2, 3. In this design, three blocks are chosen in dis-

tinct areas, and they are indexed as k = 1, 2, 3. Within each block, three different water

treatments are arbitrarily applied to three whole plots. Within each whole plot, three

nitrogen treatments are arbitrarily assigned to three split plots. There are a total of 27

experimental units. The number of aphids was counted at seven time points in a nearly

weekly pattern between July 26 and September 10 at each experimental unit. More details
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of the experiment and data can be found in Matis et al. (2008).

Figure 2 displays the number of observed cotton aphids over a nearly 7-week period

under the blanket-rate-nitrogen treatment. It shows that the data tend to be skewed to

the left: the aphid population appears to slowly increase in the first three or four weeks;

then the number of cotton aphids exponentially increases until it reaches a peak value in

the next two or three weeks; thereafter, the aphid population declines rapidly.
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Figure 2: The number of cotton aphids over a nearly 7-week period under the blanket-
rate-nitrogen treatment for all combinations of three irrigation levels and the three blocks.
The columns correspond to low, medium, and high water treatments from left to right,
respectively. The rows correspond to Block 1, 2, and 3 from top to bottom, respectively.
The x-axis is the time in weeks. The y-axis is the aphid count. The observed data are
displayed in circles. The solid and dashed curves are the numeric solutions of the GMM (3)
and the KPM (1) using the estimated parameter values.

To test the effects of water and nitrogen treatments on the dynamics of the cotton aphid
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population, Matis et al. (2006, 2007a,b) performed a two-way analysis of variance (ANOVA)

using parameters in the fitted KPM as the response variables. The adoption of the KPM

was mainly due to its tractability. However, as shown in Figure 2, the solution of the KPM

is inconsistent with the skewness of observed data. Since the method that we develop in

this paper does not rely on availability of analytical solutions of IDE models, we shall use

the more accurate GMM in this paper.

We now state our GMM-based ANOVA method for investigating the treatment effects

on the population dynamics of the cotton aphids. Let Yijkn denote the observed number of

aphids at time tijkn under the i-th level of water treatment and the j-th level of nitrogen

treatment at the k-th block, where i = 1, 2, 3, j = 1, 2, 3, k = 1, 2, 3, and h = 1, . . . , 7.

Because Yijkn is always positive, it is assumed to follow a log-normal distribution:

log(Yijkn) = log{Nijk(tijkn)}+ εijkn, (4)

where Nijk(tijkn) is the true aphid population size at time tijkn, and εijkn’s are independent

normally distributed errors with mean 0 and variance σ2. Let Fijk(t) denote the cumulative

density of aphid population at time t. The GMM for the dynamics of the aphid population

can be written as

dNijk(t)

dt
= λijkNijk(t)− δijk[Fijk(t)]sNijk(t),

Fijk(t) =

∫ t

0
Nijk(s)ds,

(5)

in which λijk and δijk are birth rate and death rate of the aphid population. The KPM is a

special case of (5) with s = 1. As in Matis et al. (2007c), these two parameters are assumed

to be structured as the following ANOVA model:

λijk = µλ + αλi + ξλj + ρλk + (αξ)λij ,

δijk = µδ + αδi + ξδj + ρδk + (αξ)δij ,

(6)
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where µλ and µδ are the grand means of the birth and death rates, respectively; αλi and

αδi , ξ
λ
j and ξδj , ρ

λ
k and ρδk are the main effects of water, nitrogen, and blocks for the birth

and death rates, respectively; and (αξ)λij and (αξ)δij are interaction effects between water

and nitrogen treatments for the birth and death rates, respectively. Some constraints on

the parameters are necessary for identifiabilit; details will be given in Section 4 when we

introduce the general model framework.

4 Methodology

To present our methodology in a general framework, we first introduce the ANOVA model

of IDEs. Without loss of generality, two factors A and B are assumed to possibly have

effects on the dynamic system, and they have I and J levels respectively. Suppose each

treatment combination is repeated in K blocks. Denote Xijk(t) as the dynamic process

defined on the time interval [0, T ] at the k-th block under the level i of treatment A and

level j of treatment B, where i = 1, . . . , I, j = 1, . . . , J , and k = 1, . . . ,K. It is assumed

that the dynamic process Xijk(t) satisfies the following IDE:


dXijk(t)

dt
= g(Xijk(t), Fijk(t)|θijk),

Fijk(t) =

∫ t

0
h(Xijk(s)) ds,

(7)

where θijk is a vector of IDE parameters at the k-th block under the ij-th treatment

combination, and g(·) and h(·) are two smooth function with known parametric forms

based on the expert knowledge on the dynamic system.

Now, suppose the IDE parameters θijk follow a two-way fixed effect ANOVA model

θijk = µ+ αi + ξj + γij , (8)

where µ is the grand mean, αi and ξj represent, respectively, the effect of factor A at level

i and of factor B at level j, and γij is the interaction between factor A at level i and
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factor B at level j. For identifiability, we impose the constraints
∑I

i=1 αi =
∑J

j=1 ξj =∑I
i=1 γij =

∑J
j=1 γij = 0. Because of these constraints, there are only IJ free parameters.

We can remove some redundant parameters by using αI = −
∑I−1

i=1 αi, ξJ = −
∑J−1

j=1 ξj ,

γIj = −
∑I−1

i=1 γij , and γiJ = −
∑J−1

j=1 γij . For the rest of this section, we use β to denote

the column vector of free parameters in the ANOVA model, which we refer to as the ANOVA

parameters.

The data are observations of the dynamic processes at discrete time points. Specifically,

suppose the dynamic process Xijk(t) is observed at Nijk time points with some measurement

errors. Denote Yijkn as the observation of Xijk(t) at time tijkn, where n = 1, . . . , Nijk. We

assume that l(Yijkn) is normally distributed with the mean l(Xijk(tijkn)), where l(·) is a

link function. For instance, we choose l(·) = log(·) in the example presented in Section 3.

If the IDE (7) had an analytical solution, denoted as Xijk(t; θijk), then we could estimate

the parameters by the method of nonlinear least squares which minimizes

I∑
i=1

J∑
j=1

K∑
k=1

Nijk∑
n=1

{
l(Yijkn)− l(Xijk(tijkn; θijk))

}2
. (9)

Unfortunately, the IDE usually does not have an analytical solution, therefore, the method

of nonlinear least squares is not directly applicable. In addition, the initial conditions for

the IDE are unknown. Treating the initial conditions as additional parameters, one could

employ numerical IDE solvers when applying the nonlinear least squares. However, this

approach has some difficulties: The computation is intensive since one needs to repeatedly

solve the IDE at various candidate values of the parameters during iteratively minimization

of the nonlinear least squares criterion. Besides, the numeric IDE solver sometimes fails at

certain candidate values of the parameters and initial conditions. To avoid the difficulties

mentioned above, we propose to estimate Xijk(t; θijk) using the penalized spline method

where the penalty term is defined by the IDE, and then apply the method of least squares.

Specifically, the dynamic process Xijk(t) is represented with a linear combination of basis
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functions

Xijk(t) =
M∑
m=1

cijkmφijkm(t) = φTijk(t)cijk, (10)

where φijk(t) = (φijk1(t), φijk2(t), · · · , φijkM (t))T is a vector of basis functions, and cijk =

(cijk1, · · · , cijkM )T is the associated vector of the basis coefficients. The basis system has

to be flexible enough such that the dynamic process and its derivative are well represented.

In practice, we choose to use B-spline basis functions, because these functions are non-zero

only in short subintervals, a feature called the compact support property, which is of great

importance for efficient computation (de Boor, 2001). Usually, a large number of basis

functions are required to adequately represent all the IDE components. A rule of thumb

is to put one knot at each observation point so that the user does not have to select the

number and locations of the knots.

To obtain an estimate of the coefficient vector cijk, we minimize the following penalized

sum of squared errors criterion:

G(cijk|β) =

Nijk∑
n=1

{
l(Yijkn)− l(Xijk(tijkn))

}2

+ γ

∫ T

0

∣∣∣X ′ijk(t)− g(Xijk(t), Fijk(t)|θijk
)∣∣∣2 dt,

(11)

where Xijk(t) has the representation (10), and γ > 0 is a tuning parameter. In view of

Fijk(t) =
∫ t
0 h(Xijk(s))ds, the integral term in (11) is essentially a double integral. Both

inner and outer integrals usually do not have a close-from expression, so they have to

be evaluated using numerical methods, which is explained in Appendix A. The criterion

function (11) depends on the vector of ANOVA parameters β through θijk. Usually γ is

chosen to be a very large number such that the integral term in (11) is forced to be close

to 0. Indeed, if the integral term is exactly zero, Xijk(t) is a solution of the IDE. The data

driven choice of γ will be discussed later. On the other hand, the first term in (11) provides

the necessary side conditions for solving the IDE when the initial conditions are unknown.
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Denote the minimizer of (11) as ĉijk = ĉijk(β), then we can express the corresponding

estimate of the dynamic process Xijk(t) as an implicit function of β:

X̂ijk(t|β) = φTijk(t)ĉijk(β). (12)

Using the above estimate of Xijk(t), the nonlinear least squares criterion (9) becomes

H(β) =
I∑
i=1

J∑
j=1

K∑
k=1

Nijk∑
n=1

{
l(Yijkn)− l(X̂ijk(tijkn|β))

}2
. (13)

We denote the minimizer as β̂ for later use. Different from the usual application of the

method of nonlinear least squares, the criterion function here involves some implicit func-

tions of the parameters. The Gauss-Newton algorithm can still be applied for solving the

minimization problem but some care is needed to calculate the gradients of the implict

functions. Details of the algorithm are given in Appendix B.

In addition to β̂, our method yields an estimate for the initial condition of the IDE (7)

X̂ijk(t0|β̂) = φTijk(t0)ĉijk(β̂), (14)

which is obtained by numerically evaluating the estimated spline function (12) at the initial

time point. This estimated initial condition is useful when we validate the IDE model.

Specifically, using the estimated initial condition X̂ijk(t0|β̂), the IDE with parameter β̂

can be solved numerically and then the IDE solution can be compared with data. The

ability of our method for estimating the initial condition is valuable, because the data at

the initial time point often have measurement errors or are sometimes even unavailable.

Our experiences also show that using our estimated initial condition usually gives better

fits to the data than using the observation of Xijk(t) at the initial time point as the initial

condition.

The value of the tuning parameter γ can be chosen by minimizing the following sum of
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squared prediction errors (SSPE) criterion

SSPE(γ) =
I∑
i=1

J∑
j=1

K∑
k=1

Nijk∑
n=1

{
l(Yijkn)− l(Sijk(tijkn|β̂(γ)))

}2
, (15)

where β̂(γ) is the estimate of the ANOVA parameter for a given γ, and Sijk(t|β̂(γ)) is the

Xijk(t) component of the numeric solution to the IDE (7) when the parameter value is β̂(γ)

and the initial condition is set as X̂ijk(t0|β̂). Because Sijk(t|β̂(γ)) is obtained by only using

the estimated initial condition, it can be viewed as a prediction of the dynamic process in

the whole time interval. Note that SSPE is different from the sum of squared errors (SSE)

defined in (13), because X̂ijk(t|β̂) in (13) is not obtained by solving the IDE with an initial

condition.

The algorithm of the proposed method can be summarized as follows:

The algorithm of the penalized spline method

1. Choose an initial value for the tuning parameter γ. Set an initial guess for the model

parameter β;

2. while γ < γmax do;

3. For each given γ, estimate β̂(γ) by minimizing

H(β) =

I∑
i=1

J∑
j=1

K∑
k=1

Nijk∑
n=1

{
l(Yijkn)− l(X̂ijk(tijkn|β, γ))

}2
,

where X̂ijk(t|β, γ) = φTijk(t)ĉijk(β, γ), and ĉijk(β, γ) is estimated by minimizing

G(cijk|β, γ) =

Nijk∑
n=1

{
l(Yijkn)− l(Xijk(tijkn))

}2
+γ

∫ T

0

∣∣∣X ′ijk(t)− g(Xijk(t), Fijk(t)|θijk
)∣∣∣2 dt,

for which Xijk(t) := Xijk(t|β, γ) = φTijk(t)cijk(β, γ);

4. update γ by a value larger than the current one, for instance, update γ by

aγ (for some constant a > 1);

5. end while;
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6. Estimate the optimal tuning parameter γ̂ by minimizing

SSPE(γ) =
I∑
i=1

J∑
j=1

K∑
k=1

Nijk∑
n=1

{
l(Yijkn)− l(Sijk(tijkn|β̂(γ)))

}2
;

7. Obtain the final estimate for the model parameter, that is, β̂(γ̂).

Remark 1. The proposed method is an extension of the generalized profiling method

(Ramsay et al., 2007; Cao et al., 2008, 2012) to the context of IDEs. We could rewrite the

IDE (7) in the form of ordinary differential equations (ODEs) as follows:

X ′ijk(t) = g(Xijk(t), Fijk(t)|θijk),

F ′ijk(t) = h(Xijk(t)).

and then directly apply the generalized profiling method to the ODEs. However, this

approach needs introduction of an extra set of basis coefficients to represent Fijk(t) and

thus requires significantly more computational cost of the optimization process. We thus

work directly on the IDEs instead of ODEs.

Remark 2. The two-step method for estimating ODE parameters (Ramsay and Sil-

verman, 2005; Chen and Wu, 2008; Brunel, 2008) can be extended to the current context.

Specifically, in the first step we estimate the trajectories Xijk(t) and corresponding deriva-

tives X ′ijk(t) using observed data, and in the second step, we estimate the ODE parameters

by minimizing the sum of squares criterion as follows:

I∑
i=1

J∑
j=1

K∑
k=1

Nijk∑
n=1

{
X̂ ′ijk(tijkn)− g(X̂ijk(tijkn), F̂ijk(tijkn)|θijk)

}2
,

where F̂ijk(t) =
∫ t
0 h(X̂ijk(s)) ds. We will compare the proposed penalized spline method

with this two-step method in our simulation study. Any smoothing methods such as the

local polynomial kernels or penalized splines with a roughness penalty can be used in the

first step. In particular, the first step used in our simulation study finds Xijk(t) with
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representation (10) by minimizing the following penalized sum of squares

I∑
i=1

J∑
j=1

K∑
k=1

Nijk∑
n=1

{
l(Yijkn)− l(Xijk(tijkn; θijk))

}2
+ γ1Pen(Xijk), (16)

where Pen(Xijk) is the integrated second derivative penalty, and the penalty parameter γ1

is selected by minimizing the GCV criterion (Ramsay and Silverman, 2005).

5 Simulation

We conducted a simulation study (with four setups) to evaluate the finite sample perfor-

mance of our penalized spline method. We compared our method with the two-step method

for estimating the GMM-based ANOVA model (4)–(6). We also compared our method with

the classical nonlinear regression method for the special case of the KPM-based ANOVA

model (s = 1) for which the IDEs have analytical solutions.

In the first simulation setup, we generated data from the log-normal distribution with

mean S(t|β̂) and standard deviation σ, where β̂ is the estimated parameter vector for

model (4)–(6) using the cotton aphid data described in Section 3, and S(t|β̂) is the numeric

solution of the GMM (3) using β̂ as the parameter value. In this simulation study, the

time points were set to be the same as the observed data, and the standard deviation σ was

set to be 0.22, which is about 10% of the standard derivation of S(t|β̂) at the observation

times. The result are summarized in Table 1. We observe that the biases of the parameter

estimates using the penalized spline method are negligible, which are only around 10%,

0.1% and 20% of those using the two-step method for the birth and death parameters and

the power parameter, s, respectively. Moreover, compared with the two-step method, the

penalized spline method has much smaller standard deviations and root mean squared errors

(RMSEs) of the parameter estimates. Specifically, the SDs and RMSEs of estimates of the

birth rate parameters are decreased by at least 25%, those of the death rate parameters are

decreased by 90% or more; and those of the power parameter are decreased by around 50%.
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Table 1: The biases, standard deviations (SDs), and root mean squared errors (RMSEs) of
parameter estimates for the GMM-based ANOVA model using the penalized spline method
(PSM) and the two-step method (2-step) for the first simulation setup. The results are
based on 100 simulation replicates.

TRUTH
BIAS SD RMSE

PSM 2-step PSM 2-step PSM 2-step

(×10−2) (×10−3) (×10−3) (×10−2) (×10−2) (×10−2) (×10−2)
µλ 121.2 -0.1 160.2 0.9 1.4 0.9 1.6
αλ1 5.0 -0.6 5.9 1.3 1.9 1.3 2.0
αλ2 0.6 1.0 -14.0 1.3 1.8 1.3 1.8
ξλ1 -1.9 -0.1 -9.2 1.3 1.8 1.3 1.8
ξλ2 2.7 -0.8 12.8 1.2 2.0 1.2 2.0
ρλ1 3.9 1.1 34.1 1.2 2.0 1.2 2.0
ρλ2 -7.5 -0.9 -12.7 1.2 1.8 1.2 2.3
(αξ)λ11 1.5 -2.5 40.0 1.9 3.0 1.9 3.0
(αξ)λ21 2.5 2.9 20.9 1.9 2.3 1.9 2.3
(αξ)λ12 2.6 -1.3 -14.1 1.7 2.8 1.7 2.8
(αξ)λ21 -3.4 -1.0 20.0 1.8 2.7 1.8 2.7

(×10−4) (×10−5) (×10−2) (×10−4) (×10−4) (×10−4) (×10−4)
µδ 14.9 -0.2 9.3 1.9 20.3 1.9 20.3
αδ1 -0.1 0.3 0.3 1.0 31.4 1.0 30.4
αδ2 -1.2 -0.1 -0.2 0.8 26.0 0.8 25.9
ξδ1 5.7 -0.5 1.4 1.3 33.1 1.3 33.5
ξδ2 -1.8 1.6 -0.2 0.9 27.1 0.9 27.1
ρδ1 2.4 -1.0 1.0 1.1 29.0 1.1 28.8
ρδ3 -5.7 0.7 -2.3 0.9 27.0 0.9 27.3
(αξ)δ11 0.8 2.4 0.5 1.6 7.4 1.6 7.2
(αξ)δ21 -3.1 0.7 -0.5 1.6 44.4 1.6 43.5
(αξ)δ12 -1.6 -1.0 -0.4 1.1 33.5 1.1 33.0
(αξ)δ22 3.8 -0.6 0.9 1.5 40.0 1.5 40.0

(×10−3) (×10−3) (×10−2) (×10−2) (×10−2) (×10−2)
s 2.3 6.6 31.4 3.8 8.1 3.9 8.2

To investigate the effects of the number of observations and the level of noise, we designed

two additional simulation setups by slightly varying the first setup. In the second setup,

the observational time points were set to be 14 equally spaced points in the time interval

[0, 6.6], this number of time points doubles that for the observed data, and in the third

setup, the time points were set to be the same as the observed data, but σ was set to
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be 0.32, which is 15% of the standard derivation of S(t|β̂) at the observation times. The

results, presented in the supplementary materials, show that the penalized spline method

significantly outperforms the two-step method.

In the last simulation setup, we considered a model for which the IDEs have an analytic

solution and the classical nonlinear regression method is applicable and can be compared

with the proposed penalized spline method. Specifically, the setup is the same as first setup

except that in this setup we fit the KPM-based ANOVA model to the cotton aphid data.

Results summarized in Table S3 of the supplementary materials shows that the penalized

spline method works as well as the nonlinear regression method in this simple case.

Our implementation was done in MATLAB (R2011b version) on a personal Mac OS

X 10.5.8 machine. The computational time when applying the penalized spline method

was 118 minutes in Setup 1 for 200 simulation replicates, 136 minutes in Setup 2 for 200

simulation replicates, 375 minutes in Setup 3 for 600 simulation replicates, and 117 minutes

in Setup 4 for 200 simulation replicates.

6 Analysis of Aphid Data

We applied the proposed penalized spline method to fit the GMM-based ANOVA model

(4)-(6) to the cotton aphid data described in Section 3. We also considered the KPM-based

model which is a special case of the GMM-based model with s = 1. A set of quartic B-spline

basis functions with knots at each observation time point was used to represent the dynamic

processes. The SSPE defined in (15) suggested the penalty parameter γ to be 109 for the

GMM-based model, and 103 for the KPM-based model; see Figure S1 of the supplementary

file. According to the theory derived in Ramsay et al. (2007), γ should be taken as large as

possible when the data agree well with the dynamic model. Selection of a small γ by SSPE

for the KPM-based model indicates that the KPM-based ANOVA model does not fit the

data well.

Figure 2 presented earlier in Section 3 displays the fitted curves using the GMM-based
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ANOVA model and the KPM-based ANOVA model. The fitted curves using the GMM-

based ANOVA model capture the skewness, the peak time, and most of the peak values

much better than those using the KPM-based ANOVA model. Moreover, the sum of squared

prediction errors (SSPE) is 4.6× 103 when using the KPM-based ANOVA model, whereas

SSPE is 2.4×103 or 47.8% smaller when using the GMM-based ANOVA model. This result

on SSPE also indicates that the GMM-based ANOVA model fits the data better than the

KPM-based ANOVA model.

To make a more formal comparison of the KPM-based and GMM-based ANOVA models,

we tested the null hypothesis of s = 1 against the alternative hypothesis s > 1. We used

the parametric bootstrap to generate the null distribution. Specifically, we fitted the KPM-

based ANOVA model, generated the bootstrap samples from the fitted model, and then

fitted the GMM-based ANOVA model to the bootstrap samples—the estimates of s from the

bootstrap samples form the null distribution. The 99% upper quantile of the bootstrapped

null distribution is 1.4, which is much smaller than the estimate of ŝ = 2.3 for the GMM-

based ANOVA model using the observed data. Thus, we had enough evidence to reject

the null hypothesis of the KPM-based ANOVA model and conclude that the GMM-based

ANOVA model is more plausible for this data set.

Table 2 displays parameter estimates for the GMM-based and KPM-based ANOVA mod-

els. We observe that the two models give different estimate of grand means and treatment

effects on the birth and death rate. In particular, the estimates of death rate-related param-

eters for the GMM-based model are about only 1% in magnitude of those for the KPM-based

model. This is mainly due to a larger power parameter ŝ = 2.3 for the GMM-based ANOVA

model. The parameters can be interpreted as the usual ANOVA. For example, according

to the fitted GMM-based ANOVA model, at low irrigation level, when the nitrogen treat-

ment changes from the zero level to the variable level, the aphid birth rate increases from

(121.2−1.9)×10−2 = 1.193 to (121.2+2.7)×10−2 = 1.239 (by around 3.9%) and the death

rate decreases from (14.9 + 5.7)× 10−4 = 2.06× 10−3 to (14.9− 1.8)× 10−4 = 1.31× 10−3

(by around 36.4%), therefore, the growth rate of aphid population is increased.
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Table 2: Parameter estimates and corresponding confidence intervals for the GMM-based
ANOVA model and the KPM-based ANOVA model. Here, µλ and µδ are the grand means
of the birth rate and the death rate, respectively; αλi and αδi , ξ

λ
j and ξδj , ρ

λ
k and ρδk are main

effects of water, nitrogen, and blocks for the birth and death rates, respectively; (αξ)λij
and (αξ)δij are interaction effects between water and nitrogen treatments for the birth and
death rates, respectively, where i, j, k = 1, 2. Confidence intervals are shaded in grey if they
exclude zero.

GMM KPM GMM KPM
(×10−2) (×10−2) (×10−4) (×10−2)

µλ 121.2 156.0 µδ 14.9 8.6
(119.7, 122.8) (124.5, 137.6) (11.4, 18.7) (7.0, 9.2)

αλ1 5.0 24.2 αδ1 −0.1 1.9
(2.7, 7.9) (−1.2, 14.5) (−2.1, 1.9) (−0.8, 2.2)

αλ2 0.6 −11.6 αδ2 −1.2 6.9
(−1.8, 2.8) (−11.6, 7.6) (−2.7, 0.5) (−1.9, 1.1)

ξλ1 −1.9 −4.7 ξδ1 5.7 8.0
(−4.3, 0.2) (−10.7, 8.2) (3.6, 8.3) (−1.2, 2.3)

ξλ2 2.7 −2.7 ξδ2 −1.8 1.3
(0.8, 5.3) (−7.2, 11.1) (−3.1,−0.2) (−1.6, 1.6)

ρλ1 3.9 −2.3 ρδ1 2.4 1.5
(1.9, 6.9) (−8.7, 9.8) (0.1, 4.6) (−0.9, 2.5)

ρλ2 −7.5 −44.6 ρδ2 −5.7 −5.1
(−9.9,−5.3) (−29.2,−11.8) (−7.7,−3.9) (−5.5,−3.1)

(αξ)λ11 1.5 6.9 (αξ)δ11 1.2 2.1
(−1.6, 5.2) (−12.2, 14.6) (−2.3, 4.5) (−0.4, 4.0)

(αξ)λ21 2.5 8.0 (αξ)δ21 −3.1 −0.3
(−0.7, 6.5) (−14.4, 18.4) (−6.4,−0.5) (−3.7, 1.0)

(αξ)λ12 2.6 1.3 (αξ)δ12 −1.6 −0.6
(−1.0, 6.5) (−12.9, 14.6) (−3.8, 1.0) (−2.5, 1.2)

(αξ)λ22 −3.4 −11.3 (αξ)δ22 3.8 −0.4
(−7.1,−0.2) (−15.5, 8.4) (1.2, 6.8) (−1.2, 3.0)

Table 2 also displays the 95% confidence intervals for parameters in the GMM-based

ANOVA model. The confidence intervals were obtained using the parametric bootstrap for

which bootstrap samples are drawn from the fitted model and used to form the bootstrap

distribution of the parameter estimates. We used a robust estimate of the scale parameter

σ based on median absolute deviation; see supplementary materials for more details. Notice

that the confidence intervals for the parameters µλ, αλ1 , ξ
λ
2 , ρ

λ
1 , ρλ2 , (αξ)

λ
22, µ

δ, ξδ1, ξ
δ
2, ρ

δ
1, ρ

δ
2,
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and (αξ)δ22 exclude zero, which implies that these parameters are significant in the GMM-

based ANOVA model. At the significance level of 5%, these results can be interpreted

as follows: The birth rate of aphid population appears to be significantly higher at the

low irrigation level; the death rate of aphid population appears to be significantly higher

under the no-nitrogen fertilization treatment; for both the birth and death rates, there are

significant interaction effects between the medium irrigation leval and the nitrogen levels.

Although the KPM-based ANOVA model does not fit the data, confidence intervals for its

parameters are also listed in Table 2 for completeness.

7 Conclusion

This paper develops a penalized spline method for estimating parameters of an ANOVA

model of IDEs. The method does not require that the IDEs have analytic solutions, and

also avoids using IDE numeric solvers. When the IDEs do not have analytic solutions, the

classical nonlinear regression method can not be directly applied. The two-step method

known in the literature first uses smoothing techniques to estimate the trajectories of the

dynamic processes in the system and then applies the nonlinear regression. An important

difference of the proposed penalized spline method is that it uses the IDEs as a regularization

penalty when estimating the trajectories, and thus the estimated trajectories are implicit

functions of the parameters. We developed a Gauss-Newton algorithm to minimize the

nonlinear least squares criterion involving implicit functions. The results of our simulation

studies indicate that the proposed method outperformed the two-step method in cases that

the IDEs do not have analytic solutions, and performed comparably to the classical nonlinear

regression in the special case that the IDEs have analytic solutions. In an application of

the proposed method to an observed data set, we compared two mechanistic models in the

literature, and our results suggest that the generalized mechanistic mode is better than the

KPM in describing the dynamics of cotton aphids. ANOVA also enables us to gain insight

into detection of treatment effects on the population dynamics of the cotton aphids.
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Appendices

Appendix A: numerical integration methods

The integral term in (11) is essentially a double integral since Fijk(t) =
∫ t
0 h(Xijk(s))ds.

Both the inner and outer integrals usually do not have a closed-form expression, thus, they

have to be calculated using numerical integration methods. In our implementation of the

method, the outer integral is evaluated using the composite Simpson’s rule. The composite

Simpson’s rule states that, for any given integrand f(t),

∫ tQ

t0

f(t)dt ≈ δ

3

[
f(t0) + 4

Q/2∑
q=1

f(t2q−1) + 2

Q/2−1∑
q=1

f(t2q) + f(tQ)

]
,

where the quadrature points tq = t0 + qδ for q = 0, 1, · · · , Q, with δ = (tQ− t0)/Q, and Q is

an even integer. Note that evaluation of basis functions at the quadrature points only needs

to be done once during the iterative optimization process. On the other hand, the composite

trapezoidal rule is applied to calculate the inner integral, Fijk(t) =
∫ t
0 h(Xijk(s))ds. For

any given integrand, g(s), the composite trapezoidal rule is

∫ sP

s0

g(s)ds ≈ sP − s0
P

[
g(s0) + g(sP )

2
+

P−1∑
p=1

g
(
s0 + p

sP − s0
P

)]
,

where P is a positive integer, and sp, p = 0, . . . , P , are quadrature points in [s0, sP ]. To

avoid reduce the computational cost of extra function evaluation, we use the same set

of quadrature points for calculating the inner and outer integrals. We use two different

numerical integration methods for handling two integrals in order to reach a good balance

between computational cost and accuracy. If the Simpson’s rule is used for both the inner

and outer integrals, we need more quadrature points in the inner integral and have to

increase the computing load by evaluating the basis functions at these extra quadrature

points; if the trapezoidal rule is used for both the inner and outer integrals, we will lose some

numerical accuracy in the outer integral with the same number of quadrature points, because
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the Simpson’s rule is more accurate than the trapezoidal rule for numerical integration with

the same number of quadrature points.

Appendix B: the Gauss-Newton algorithm for minimizing H(β)

Start with an initial guess β(0) for the ANOVA parameter β. The Gauss-Newton algorithm

proceeds by the iterations

β(j+1) = β(j) −
{(

dr

dβ

)T( dr
dβ

)}−1( dr
dβ

)T
r,

where r is a column vector by stacking rijkn = l(Yijkn)− l(X̂ijk(tijkn|θijk)) together, and

drijkn
dβ

= −l′(X̂ijk(tijkn|β))
(dĉijk(β)

dβ

)T
φijk(tijkn).

Since the function ĉijk(β) is usually an implicit function, it is hard to calculate the

derivative dĉijk/dβ. Fortunately, we can obtain an analytic expression for this derivative

using the implicit function theorem as follows. Notice that the estimate ĉijk satisfies the

identity

∂G

∂cijk

∣∣∣
cijk=ĉijk

≡ 0 .

Differentiating both sides of the above identity with respect to β, we obtain

d

dβ

∂G

∂cTijk

∣∣∣∣
cijk=ĉijk

=

{
∂2G

∂cTijk∂β

∣∣∣∣
cijk=ĉijk

}
+

{
∂2G

∂cTijk∂cijk

∣∣∣∣
cijk=ĉijk

}{
dĉTijk
dβ

}
≡ 0,

which yields

dĉTijk
dβ

=

{
∂2G

∂cTijk∂cijk

∣∣∣∣
cijk=ĉijk

}−1{ ∂2G

∂cTijk∂β

∣∣∣∣
cijk=ĉijk

}
,

provided that ∂2G/∂cTijk∂cijk is non-singular at cijk = ĉijk.
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