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Abstract

This article is motivated by some longitudinal clinical data of kidney

transplant recipients, where kidney function progression is recorded as

the estimated glomerular filtration rates (GFR) at multiple time points

post kidney transplantation. We propose to use the functional princi-

pal component analysis (FPCA) method to explore the major source

of variations of GFR curves. We find that the estimated functional

principal component (FPC) scores can be used to cluster GFR curves.

Ordering a function of FPC scores can detect abnormal GFR curves.

Finally, FPCA can effectively estimate missing GFR values and predict

patient future long-term GFR.
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1 Introduction

Kidney transplantation supplies a preferred therapy to extend survival time for

patients with end-stage renal disease. Rates of acute rejection and graft failure

that occur in the first 3-6 months after kidney transplant have been improved

over the past couples of decades, but kidney transplant recipients still confront

the high probability of the loss of graft function after kidney transplant. How

to assess and extend long-term kidney function remains an crucial research

goal. GFR can provide a more precise measure of kidney function than serum

creatinine alone [1]. Retrospective studies [2] and [3] have shown that one-year

GFR is a good predictor for the long-term graft function after renal transplant.

[4] and [5] recommended that the change in GFR should be used to assess the

progression of kidney function and to identify the risk for kidney graft failure.

Consequently, a natural candidate for a surrogate marker for progression of

kidney function is the GFR progression curves at different time points as shown

in Figure 1.

In the studies above, only linear least squares regression or linear mixed

effect models were used to calculate the change of GFR; however, these statis-

tical models can not completely characterize complexity of GFR trajectories

such as non-linear trends. Furthermore, it is difficult to estimate the change

of GFR when the GFR trajectory is sparsely and irregularly observed. For

instance, some patients have missing data records because of missed scheduled

clinical visits as shown in the upper left panel (a) of Figure 1. In addition, all

the curves in the upper right panel (b) of Figure 1 are very flat. Conversely,

the lower left panel (c) of Figure 1 shows that the curves of these patients have

strong fluctuating curves. In other words, these patients are in an unstable
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Figure 1: Observed GFR trajectory curves with various circumstances and
trends. Patients in the upper left panel (a) have missing data records. Patients
in the upper right panel (b) have flat GFR trends. Patients in the lower left
panel (c) have strong fluctuating trends. Patients in the lower right panel
(d) have increasing or decreasing trends. Each color represents one individual
patient in each panel.
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stage with a large amount of variations. Patients in the panel (d) of Figure 1

have a negative or positive slope.

Our goal in this study is to explore the major source of variations of GFR

curves, cluster GFR curves, detect outlying GFR curves, estimate missing

GFR values, and predict future GFR values. To explore these variations of

GFR trajectories, we propose to use functional principal component analysis

(FPCA) to fit and predict GFR trajectories in this paper.

FPCA is a cutting-edge method for detecting the major source of varia-

tion in curves and projecting infinite-dimensional curves into low-dimensional

vectors. Since being introduced by [6] for comparing growth curves, FPCA

has attracted considerable attention. For instance, [7] related FPCA to the

Karhunen-Loève theorem and the best m-dimensional functional linear model.

[8] studied the asymptotic properties of empirical eigenfunctions and eigenval-

ues when sample curves are fully observable. [9] and [10] extended this work

to a more practical setting where sample curves are observed at finitely many

design points. [11, 12] studied the estimation errors of empirical eigenfunctions

and eigenvalues. To overcome excessive variability of empirical eigenfunctions,

[13] proposed smoothing estimators of eigenfunctions via a roughness penalty.

Consistency of these estimators was established by [14]. Subsequently, [15]

proposed an alternative way to obtain smoothing estimators of eigenfunctions

through modifying the norm structure, and established the consistency of the

estimators. A kernel-based method for smoothing eigenfunctions was proposed

by [16]. The extension of FPCA to sparse data such as longitudinal data was

studied by [17] and [18]. [19, 20, 21] proposed to increase the interpretability

of FPCA by adding some sparse constraints on functional principal compo-

nents. FPCA has been used to explore variations of curves in a sundry groups
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of applications in subjects such as biology and medicine. For instance, [22]

applied FPCA to explore spatial and temporal variations of cadmium concen-

trations in Pacific oysters from British Columbia. [23] used FPCA to detect

the major modes of variations among ward admission intensity functions in

hospital emergency departments. An excellent introduction on FPCA can be

found in Chapters 8 and 9 of [24].

In this paper, FPCA method is applied to explore the major variations of

GFR trajectories. To the best of our knowledge, it is the first time that FPCA

is applied to kidney transplant research. We find that FPCA can project the

complex GFR trajectories into simple functional principal component (FPC)

scores. These FPC scores enable us to cluster the GFR trajectories in such

a way that each cluster contains homogeneous GFR trajectories, and allow

us to detect GRF trajectory outliers. At the same time, FPCA method can

effectively impute missing GFR information and predict future GFR based

on all available data information from all kidney recipients. In this arti-

cle, we program in Matlab [25] to analyze GFR curves using FPCA. The

Matlab codes for analyzing GFR curves using FPCA can be downloaded at

https://github.com/caojiguo/GFR .

The rest of this paper is organized as follows: Section 2 briefly introduces

methods for the analysis of our kidney transplant recipient data. Section 3

provides the data analysis results from our data. Some concluding remarks

are presented in Section 4.
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2 Methods

2.1 Introduction of Functional Principal Components

Analysis

Functional principal components analysis is used to investigate the dominant

modes of GFR curve variations during the followed-up time frame. Let Xi(t)

be a GFR trajectory of the i-th patient, where i = 1, 2, . . . , n, t ∈ T , and T

is the bounded time-frame range. From the Karhunen-Lovève theorem, Xi(t)

can be expressed as

Xi(t) = µ(t) +
∞∑
k=1

ξikφk(t), (1)

where µ(t) = E(Xi(t)) is the mean trajectory, φk(t) is the k-th functional

principal component (FPC), and ξik =
∫
T (Xi(t)−µ(t))φk(t)dt is the associated

functional principal component score. Then the variance-covariance function

G(s, t) can be expressed as:

G(s, t) = Cov(Xi(s)− µ(s), Xi(t)− µ(t)) =
∞∑
k=1

λkφk(s)φk(t), (2)

where λ1 ≥ λ2 ≥ · · · ≥ 0.

In practice, Xi(t) is usually well approximated by the first few leading FPCs

and FPC scores:

Xi(t) = µ(t) +
K∑
k=1

ξikφk(t). (3)

The first FPC φ1(t) displays the dominant mode of variation of Xi(t). In other

words,

φ1(t) = arg max
‖φ‖=1

{
Var(

∫
T

(Xi(t)− µ(t))φ(t)dt)

}
, (4)
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where ‖φ‖ =
(∫
T φ(t)2dt

) 1
2 . The k-th FPC φk(t) (k = 2, · · · , K) is the domi-

nant mode of curve variation orthogonal to φ1(t), · · · , φk−1(t),

φk(t) = arg max
‖φ‖=1,〈φ,φj〉=0 for j=1,...,k−1

{
Var(

∫
T

(Xi(t)− µ(t))φ(t)dt)

}
, (5)

where 〈φ, φj〉 =
∫
T φ(t)φj(t)dt, for j = 1, . . . , k − 1. After obtaining the k-th

FPC φk(t), the corresponding FPC score of the i-th curve Xi(t) is calculated

as

ξik =

∫
T
φk(t)(Xi(t)− µ(t))dt.

However, the above method can not be applied to our kidney transplant

recipient data directly, since there exists a measurement error or missing GFR

at some time points for some recipients. In this case, the principal components

analysis through the conditional expectation (PACE) method [18] can be used.

The PACE method estimates the top FPCs and FPC scores as follows: Let

Yij = Xi(tij)+εij be the measured GFR at time tij, where εij are identically and

independently distributed normal random variables with mean 0 and variance

σ2, and j = 1, 2, . . . ,mi. To estimate the mean function µ(t), we can consider

observations in two different cases. If GFR observations are available on a

regular grid, we take the average at each location tij: µ̂(tij) = 1
n

∑n
i=1 Yij. If

GFR observations are sparse, the mean function is obtained by smoothing the

data from all observations based on the local linear smoother method [26].

Let Gi(tij, til) = (Yij − µ̂(tij))(Yil − µ̂(til)), j 6= l, i = 1, . . . , n, be the sample

covariance. It can be shown that E(Gi(tij, til)) = Cov(X(tij), X(til)) + σ2δjl.

Therefore, we only use the off-diagonal sample covariances Gi(tij, til) as input
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data to obtain the smooth covariance surface estimate Ĝ(s, t). Let V̂ (t) be a

smoothed version of the diagonal elementsGi(tij, tij) of the sample covariances.

Then V̂ (t) is an estimate ofG(t, t)+σ2. Therefore, an estimate of σ2 is obtained

by

σ̂2 =
2

|T |

∫
T1
{V̂ (t)− G̃(t, t)}dt, (6)

can be obtained by the conditional expectation

ξ̂ik = Ê(ξik|Yi) = λkφ̂
T

k Σ̂
−1
Yi

(Yi − µ̂),

where φ̂k and µ̂ are vectors by evaluating φ̂k(t) and µ(t) at the grid points

tij, j = 1, 2, · · · ,mi, Yi = (Yi1, · · · , Yimi
)T , and Σ̂Yi

= G̃ + σ̂2Imi
where |T |

is the length of T , and T1 is the interquartile range of T . To ensure that the

variance is nonnegative, σ̂2 is set to 0 if σ̂2 < 0.

The FPCs φk(t), k = 1, · · · , K, are eigenfunctions of the eigenequation

∫
T
Ĝ(s, t)φk(s)ds = λkφk(t) (7)

with the constraints
∫
T φ

2
k(t)dt = 1 and

∫
T φk(t)φm(t)dt = 0 for m < k. The

eigenfuntions are estimated by discretized the smoothed covariance Ĝ(s, t).

We denote φ̂k(t) (k = 1, · · · , K,) as the estimated FPCs. The FPC scores ξ̂ik

and the matrix G̃ is obtained by evaluating Ĝ(s, t) at the grid points tij, j =

1, 2, · · · ,mi. The estimated trajectory of the i-th patient GFR is

X̂i(t) = µ̂(t) +
K∑
k=1

ξ̂ikφ̂k(t). (8)

The optimal number of FPCs (K) can be determined by different statistics
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methods. For instance, [27] determined K by AIC-type method based on a

pseudo-Gaussian log-likelihood, and [13] proposed the cross-validation (CV)

score based on the leave-one-curve-out prediction error:

CV (K) =
n∑
i=1

mi∑
j=1

{Yij − X̂(−i)(tij)}2, (9)

where X̂(−i)(t) is the predicted GFR curve for the i-th subject after removing

the i-th subject from the data. For this paper, we use the method proposed

by [13] as shown in the formula above, and then use the scree test plot [28] to

display the relationship between CV (K) and K. We choose the optimal K of

FPCs in the steep curve before the point where the curve starts leveling off.

2.2 Clustering

In clinical practice, it is more efficient to manage the clinical patients when they

can be clustered into a small number groups with homogeneous GFR curves.

For example, a group of patients with flat GFR trends indicate that their

current clinical treatment is effective and the kidney transplant is successful.

On the other hand, a group of patients with decreasing GFR trends may

require to be diagnosed for the reasons, and may need an alternative clinical

treatment. In this section, we illustrate how to cluster all kidney recipients

into natural groups with similar GFR curve patterns.

As derived in the section above, we obtain a set of FPC scores (ξ1, ξ2, · · · , ξn),

where ξi = (ξi1, · · · , ξiK)T is a K-dimensional vector of FPC scores for the i-

th subject. Based on the distance between these FPC Scores, we use the

k-means method [29, 30] to partition the individual GFR curves into Q sets

G = (G1, G2, · · · , GQ). We minimize the within-cluster sum of the distance of
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each FPC score vector in its cluster to its cluster center, which is defined by

Q∑
q=1

∑
ξi∈Gq

∥∥ξi − µq

∥∥2 , (10)

where µq is the mean vector in the set Gq. The optimal number of clusters is

determined by the Silhouette method [31].

The algorithm of the k-means method is implemented in the following steps:

1. Split all kidney transplant recipients into Q initial clusters.

2. Assign each kidney recipient into the cluster whose centroid is the closest,

and recalculate the centroid for the cluster once it receives ones or loses.

3. Repeat step 2 until no more reassignments take place in any clusters.

2.3 Detection of GFR trajectory outliers

In this section, we illustrate how to use an ordering method based on FPC

scores to detect abnormal GFR curves. The rationality is that we can detect

abnormal GFR curves by checking their FPC scores in the FPC space, because

the abnormal FPC scores in the one-dimensional FPC space are easier to detect

than the abnormal GFR curves in the infinite-dimensional functional space.

As mentioned in the subsection 2.1, FPC scores are defined as ξik =
∫
T (Xi(t)−

µ(t))φk(t)dt. From this definition, FPC scores are the projection of GFR

curves onto the space expanded by the FPCs. Therefore, it is reasonable to

detect abnormal GFR curves by ordering
K∑
k=1

(ξ2ik/λk), where λk is the eigen-

value defined in the eigenequation (7). In fact, λk is also the variance of the

FPC score ξik. As shown in the later section, the result from our clinical data
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shows that abnormal curves are more visible in the FPC space than in the

original functional space, because the FPC space has one dimension while the

functional space has infinite dimensions, which is consistent with the result in

the paper [32].

2.4 Prediction for Future GFR

After estimating the mean GFR curve µ̂, the FPC φ̂k, and the FPC score ξ̂ik

from all available GFR data, we can estimate any missing GFR or predict

future GFR using the following formula

X̂i(t) = µ̂(t) +
K∑
k=1

ξ̂ikφ̂k(t), (11)

where t can be any past or future time points.

3 Results on Kidney Transplant Data

The data resource for this paper is kidney transplant recipient data from the

Organ Procurement Transplant Network/United Network for Organ Sharing

(Optn/UNOS), which collect the kidney transplant recipient register form in-

cluding patient description at the time of transplant, and other followed-up

forms including patient description and GFR during the followed-up period.

3.1 Functional Principal Components Analysis

In this section, Functional principal components analysis (FPCA) is applied to

analyze the kidney transplant recipient data. Figure 2 displays the estimated

mean and the correlation function of the GFR curves. The mean GFR curve
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reveals that the overall trend of kidney function is stable. The correlation

function shows that GFR is temporally correlated with its adjoining GFR

observation, and the correlation decreases to 0.6 as the time gap between two

observations increases to 10 years.
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Figure 2: The mean curve of GFR in the left panel and the correlation function
of GFR in the right panel. They are estimated from the total patients.

Figure 3 shows the four leading functional principal components (FPCs)

estimated from the GFR curves. These four FPCs account for 99.8% of the

total variability of GFR curves. Specifically, the first FPC explains around

84.6% of the total variability. The first FPC is positive throughout 10 years,

with a slight increase at the beginning and then becoming flat. In other words,

it represents that 84.6% of the total variability of GFR curves comes from the

overall weighted mean of GFR curves with more weight on GFR after 4.4

years from kidney transplant, where the weighted mean uses the first FPC as

the weight function. The second FPC accounts for around 10.7% of the total

variability. The second FPC is positive during the period from the beginning

to 5.5 years, and then it becomes negative after 5.5 years. It can be interpreted

as 10.7% of total variability comes from the change of GFR after 5.5 years in

comparison with the early stage. The third FPC accounts for around 3.4%
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of the total variability. The third FPC is positive in [3.2, 7.8) and negative

for all other times. It represents that 3.4% of the total variability is from the

difference of GFR in the middle stage [3.2, 7.8) in contrast with the early and

later stage. The fourth FPC is an S shape curve, which is positive in [2.5,

5.6) ∪ [8.5. 10.0] and negative in [1.0, 2.5) ∪ [5.6, 8.5). It stands for 1.1% of

the total variability, and it comes from the change of GFR in [2.5, 5.6) ∪ [8.5.

10.0] in contrast with [1.0, 2.5) ∪ [5.6, 8.5). It is worth mentioning that many

FPCA papers only consider the first two FPCs. In our case, the first two FPCs

only account for 95.3% of the total variability; as a result it may neglect some

important patient information. As shown in this Figure 4, a small number

of patients have strong fluctuating curves, which can only be represented by

the third and fourth FPCs. In clinical practice, these patients with abnormal

trajectories should be monitored more closely, and they need to be diagnosed

to find out the underlying reason.

Figure 4 displays the GFR curves for patients with extreme FPC scores. For

instance, the top left panel in Figure 4 shows the GFR curves when their first

FPC scores are smaller than the 5% quantile. All these GFR curves have low

GFR during the 10 year period after kidney transplant. By contrast, the GFR

curves in the top right panel in Figure 4 when their first FPC scores are larger

than the 95% quantile, and all of them have high GFR during the 10 year

period from kidney transplant. The GFR curves with their second FPC scores

smaller than the 5% quantile have GFR increasing trends over time, while the

GFR curves with their second FPC scores larger than the 95% quantile have

decreasing trends over time. The GFR curves with their third FPC scores

smaller than the 5% quantile start with high GFR values, decrease in the first

5 years, and rebound afterwards. By comparison, the GFR curves with their
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Figure 3: The first four leading functional principal components (FPCs) esti-
mated from the GFR curves.

third FPC scores larger than the 95% quantile start with low GFR values,

increase in the first 5 years, but decrease afterwards. The GFR curves with

their fourth FPC scores smaller than the 5% quantile also have the opposite

fluctuation to the GFR curves when their fourth FPC scores larger than the

95% quantile.

3.2 Patient clustering

In this section, we use the k-means method to cluster 5654 GFR curves. The

Silhouette analysis method in [31] is used to determine the optimal number of

clusters to be 40. The k-means method clusters all curves into 40 groups, and
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Figure 4: GFR curves when their FPC scores are extreme. The thick blue
curve in each panel is the average of individual GFR curves in that panel,
which represents the common trend in that panel. The left four panels, from
top to bottom, are GFR curves when their first, second, third, and fourth FPC
scores are smaller than the 5% quantiles, respectively. The right four panels,
from top to bottom, are GFR curves when their first, second, third, and fourth
FPC scores are larger than the 95% quantiles, respectively.
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each group contains from 21 to 264 GFR individual curves. We also compare

the k-means method with the model-based cluster method [33]. We use the

adjusted-rand index [34] to evaluate the similarity of the clustering results

from the two methods. The adjusted-rand index is 0.792, which indicates that

the cluster results from these two methods are similar.

Generally, the renal function of patients is normal when GFR are over 90

mL/min/1.73m2. Patients have the mildly decreased kidney function when

GFR are in the range between 60.0-89.9 mL/min/1.73m2. Patients have the

moderately decreased kidney function when GFR are in the range between

45.0-44.9 mL/min/1.73m2, and patients have the severely decreased kidney

function when GFR are 15.0-44.9 mL/min/1.73m2. Figure 5 displays part of

GFR curves for six of these groups. The four groups in the top four panels show

that all kidney recipients have the stable kidney function with flat GFR trends,

but their GFR levels are very different. They are in various chronic kidney dis-

ease (CKD) stages, respectively, CKD stage 1 with over 90.0 mL/min/1.73m2,

CKD stage 2 with GFR range between 60.0-89.9 mL/min/1.73m2, CKD stage

3 with GFR 45.0-44.9 mL/min/1.73m2, and CKD stage 4 with GFR 15.0-44.9

mL/min/1.73m2. By comparison, the rest two groups shown in the bottom

two panels have an almost monotonically increase or decrease trend, respec-

tively.

As mentioned in the section 2.2, it is more efficient to manage the patients

when they are clustered into a small number of groups with homogeneous GFR

curves. For example, patients in the panel (a) of Figure 5 have flat normal

GFR trends, indicating that their kidney transplantations are successful. On

the other hand, patients in the panel (e) have decreasing GFR trends, and

they may need alternative treatments. Partial patients in all 40 groups are
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shown in the supplementary document.

3.3 Detection of GFR trajectory outliers

It is helpful for the further investigation of the underline reasons for abnormal

GFR curves if they can be detected. Actually FPC scores can be used to

detect abnormal GFR curves. As introduced in the subsection 2.3, the order

statistic
K∑
k=1

(
ξ2ik
λk

) can used to detect abnormal GFR curves. Figure 6 displays

some abnormal GFR curves. It shows one patient having the same GFR

value 131 during the 10-year followed-up period, which may be caused by

erroneously data recording. Another GFR curve in Figure 6 has GFR at 130

in the beginning, then down to 10 after two years. It seems unreasonable for

a patient with extremely health kidney function to lose kidney function so

quickly. Another patient has GFR at 10 for 3 years and then increases to 100

in a short time period. In practice, not all abnormal GFR curves are bad data,

since some of them may be some interesting clinical cases.

3.4 Prediction

FPCA can be used to predict GFR values for the future time or to impute

missing GFR values in the past time by using Equation (11). In clinical

practice, the prediction of future GFR and the recovery of missing GFR can

be useful. The predictions should raise a red flag for specific patients if their

predicted GFR values are keeping decreasing or go below certain thresholds.

Figure 7 displays the predicted GFR curves for four patients. The top

two panels show two patients with GFR measurements in the first few years.

Equation (11) can be used to predict their GFR in the future. For instance,
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Figure 5: Part of the GFR curves in six clusters.
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Figure 6: Some abnormal GFR curves.

the patient at the top left panel has the measured GFR values at the first four

years, however no GFR values are available afterwards. Our method predicts

the future GFR value of this patient at the fifth year to be 67. The bottom

two panels show that two patients have GFR missing in some years. Equation

(11) can also be used to estimate the missing GFR for these two patients. For

example, the patient at the bottom left panel has missing GFR values at the

2nd year. Our method estimate the missing GFR value of this patient in the

second year to be 41. The predicted GFR of another patient, shown at the

bottom right panel of Figure 7, is keeping decreasing and reaches 30 at the

seventh year, which means the kidney function of this patient goes for CKD

stage 4 (GFR<30) at the seventh year. This prediction will raise a red flag

for this patient.

4 Conclusions and Discussion

GFR curves are ideal biomarker measurements of kidney function progression

after kidney transplant. In this paper, we use the functional principal com-

ponent analysis (FPCA) method to determine the major source of variations
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Figure 7: The predicted GFR curves for four patients. The dots are observed
GFR data.

of GFR curves. Four functional principal components (FPCs) are estimated,

and they account for 99.8% of the total variation of GFR curves. All these

four FPCs have some interesting interpretation. For instance, the second FPC

represents the change of GFR after 5.5 years in comparison with the early

stage. In addition, the corresponding FPC scores can be used to cluster GFR

curves. All 5654 GFR curves are clustered into 40 groups, and each of these

40 groups contains similar GFR curves. We also find that FPC scores can be

used to detect abnormal GFR curves, which supplies a useful tool to detect

data entry errors or interesting clinical cases in a large dataset. FPCA can also

recover missing GFR values, and predict future long-term GFR trajectories.
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As one reviewer pointed out, it is of great interest to predict the future

GFR for patients with different therapies, complications, gender, or ages. This

question can be solved with two methods. One method is that we can do

separate FPCA for different therapy/complication/gender/age groups. The

other method is that we can first do the regression of GFR on all variables

such as therapies, complications, gender, or ages. Then we do FPCA on the

fitted GFR residuals after adjusting these variables. We can then predict the

future GFR based on the estimated FPC scores on the GFR residuals and

linear coefficients to these variables. This is a very interesting problem, and

we will investigate it in our future research.

Supplementary Materials

This FPCA analyses were performed using MATLAB R2015b. Additional

clustering groups of GFR trajectories can be found in the supplementary

document. The kidney transplant recipient data can be requested from the

Organ Procurement Transplant Network/United Network for Organ Sharing

(Optn/UNOS) at https://optn.transplant.hrsa.gov/ .
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