
Joint Modelling for Organ Transplantation

Outcomes for Patients with Diabetes and the

End-Stage Renal Disease

Jianghu (James) Dong 1, Shijia Wang 1, Liangliang Wang 1,

Jagbir Gill 2,and Jiguo Cao 1∗

1 Department of Statistics and Actuarial Science, Simon Fraser University

2 Department of Medicine, University of British Columbia

Abstract

This article is motivated by jointly modelling longitudinal and time-

to-event clinical data of patients with diabetes and end-stage renal dis-

ease. All patients are on the waiting list for the pancreas transplant

after kidney transplant, and some of them have a pancreas transplant

before kidney transplant failure or death. Scant literature has studied

the dynamical joint relationship of the estimated glomerular filtration

rates (GFR) trajectory, the effect of pancreas transplant, and time-to-

event outcomes, although it remains an important clinical question. In

an attempt to describe the association in the multiple outcomes, we pro-

pose a new joint model with a longitudinal submodel and an accelerated

failure time (AFT) submodel, which are linked by some latent variables.
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The AFT submodel is used to determine the relationship of the time-

to-event outcome with all predictors. In addition, the piecewise linear

function in the survival submodel is used to calculate the dynamic haz-

ard ratio curve of a time-dependent side event, because the effect of the

side event on the time-to-event outcome is non-proportional. The model

parameters are estimated with a Monte Carlo EM algorithm. The finite

sample performance of the proposed method is investigated in simula-

tion studies. Our method is demonstrated by fitting the joint model

for the clinical data of 13,635 patients with diabetes and the end-stage

renal disease.

Keywords: Jointly modelling; Longitudinal data; Survival analysis; Organ

Transplantation; GFR.

1 Introduction

This article is motivated by a longitudinal and time-to-event clinical dataset,

where all patients have the end-stage renal disease (ESRD) and diabetes. All

patients have already had a kidney transplantation from a living or decreased

kidney donor, and all of them are on the waiting list for the pancreas transplant

to treat the diabetes disease. Partial patients have a pancreas transplantation

if a matched pancreas organ is available for them. It is known that the or-

gan transplantation can prolong the survival of type 1 diabetic patients with

ESRD1–7. However, how to extend the long-term kidney function still remains

the main challenge for transplantation.

No studies have used a joint model to predict the long-term kidney function,

which includes the longitudinal continuous outcome of glomerular filtration
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rate (GFR) and the time-to-event outcome of all-cause graft loss (ACGL).

From our preliminary result as in Figure 1, the levels of the observed GFR

trajectories for patients with ACGL are higher than those of patients without

ACGL, and we find that the slopes of GFR trajectories for patients with

ACGL are steeper in comparison with patients without ACGL. In addition,

all patients may have a pancreas transplant at any time post kidney transplant

to treat the diabetic disease, and they are in different statuses at different time

points during the followed-up period. For example, they are in status 1 (alive

without pancreas transplant) at the time of the admission to the waiting list

for a pancreas. They move to status 2 (alive with pancreas transplant) if a

matched pancreas organ becomes available for them before ACGL, or they

directly move to status 3 with ACGL. In fact, the failure rates of the time-

to-event outcome are different as patients change their status. As shown in

Figure 1, it seems that patients who have a pancreas transplant are less likely

to have ACGL. In short, the above scenarios motivate us to develop a new

dynamical joint model to predict the long-term outcome, since there are at

least two advantages in using a joint model. Firstly, joint modelling multiple

outcomes together can increase the power and decrease the Type I error8,9.

Secondly, this joint model can estimate the parameters in the longitudinal

component by incorporating the time-to-event information through censoring,

and similarly, for the converse situation, the estimation of the time-to-event is

incorporated by the longitudinal data information.

Several methods for estimating joint models of multiple outcomes have been

developed. The main challenge in jointly modelling multiple outcomes is the

lack of a suitable multivariate joint distribution. The first approach is a two-

stage approach10, where a random components model is developed to describe
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Figure 1: Observed individual GFR trajectory curves. The left two panels,
from top to bottom, are GFR curves for patients with All-cause graft loss
(ACGL) events or without ACGL events, respectively, when they don’t have
a pancreas transplantation. The right two panels, from top to bottom, are
GFR curves for patients with ACGL event or without ACGL events, respec-
tively, when they have a pancreas transplantation. Each color represents the
individual patient in each panel.
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repeated longitudinal measures in the first stage, and a Cox proportional haz-

ards model is estimated in the second stage. However, this approach may

cause bias when the observation of the longitudinal process is interrupted by

the event. To address this problem, the second approach11 directly specifies

the joint distribution by factorizing it into the conditional distribution of one

outcome and a marginal distribution of the other outcome. This approach was

reviewed with some insightful comments13. The accelerated failure time model

is considered in their joint model rather than the Cox proportional hazards

model14,15. The third approach directly formulates a joint model for longitu-

dinal repeated measurements and the time-to-event outcome. For instance,

a copula is used to construct the joint distribution16. Another challenge in

jointly modelling multiple outcomes is the intensive computation due to the

complex correlation structure of latent variables and measurement errors in

covariates11,14. So the EM or the Monte Carlo EM algorithm is developed

to estimate parameters in the joint models14,15. The Bayesian method is also

developed to estimate the joint models17.

Most of above joint models are based on the Cox proportional hazard re-

gression, and only a few joint models such as the paper15 use the accelerated

failure time regression. As shown in Figure 3, the assumption of Cox pro-

portional hazard model fails because the cumulative survival lines cross with

each other for patients with/without a pancreas transplant. Therefore, the

accelerated failure time submodel is used in our proposed joint model. On the

other hand, the proposed joint model is different from the joint models in the

paper15, which treats the longitudinal component as a covariate in the survival

analysis. In our proposed joint model, instead of using the whole longitudinal

component as a covariate, we propose to use some latent features of the longi-
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tudinal component in the survival submodel. Finally, none of the above joint

models has considered a method to obtain the dynamical non-proportional

hazard ratio curve of a side event when hazard ratios are non-proportional

during the followed-up time period.

The main contribution of this paper is that we review the clinical question

in the transplantation data, and accordingly develop a new joint model to

determine the relationships of multiple outcomes to account for correlations

within/between subjects. To the best of our knowledge, it is the first time for

the joint model to be applied to the organ transplantation research. Our pro-

posed joint model has three advantages. Firstly, the survival submodel shares

a vector of latent variables with the longitudinal submodel. The advantages

of this model are that unnecessary noise can be filtered, and the effects of

other covariates can be adjusted in the longitudinal submodel. In addition, it

is easy to interpret the coefficients from the model results. For example, the

latent features are the baseline and the slope of GFR trajectories in the ap-

plication example. The coefficients in the survival component represent their

corresponding relationship with the time-to-event outcome. Secondly, the sur-

vival submodel shares the data information together with the longitudinal

submodel. For example, our proposed joint model in the application example

has considered that the occurrence of death or transplant failure may lead to

the censoring of GFR, which overcomes the drawback of separate analyses for

each outcome. Finally, our proposed joint model includes a piecewise linear

function to display the dynamical non-proportional hazard ratios of the side

event on the time-to-event outcome.

The rest of this article is organized as follows. Our proposed joint models

are introduced in Section 2. We present our estimation method for the joint
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model in Section 3. Section 4 demonstrates the application of our joint model

in the transplantation clinical data. Section 5 presents three simulation studies

to investigate the finite sample performance of our joint model. Conclusions

and discussion are given in Section 6.

2 The Joint Model

Let Yi(tij) be a repeated continuous measured outcome at times tij for the

i-th subject, where i = 1, · · · , n, j = 1, · · · ,mi, and mi is the number of

repeated measurements for the i-th subject. For example, the longitudinal

outcome Yi(tij) is the repeated measurements of GFR at different time points

in the application example of transplant clinical data. Let Ti be the i-th

subject’s survival time to the event of interest, Ci be a possible censoring

time, δi = 1{Ti≤Ci} be the censoring indicator, Si = min(Ti, Ci) be the observed

survival time, and Zi = [Zi1, · · · , ZiP ]T be the observed covariates for the i-th

subject. We propose the following joint model:

 Yi(tij) = αTZi + βTi ξ(tij) + εi, i = 1, · · · , n,

λ(t|Zi,βi,wi(t)) = λ0

{ ∫ t
0
φ(s,Zi,wi(s),βi,γ)ds

}
φ(t,Zi,wi(t),βi,γ),

(1)

The first equation in the joint model (1) is the longitudinal submodel for

repeated measurement outcome Yi(tij), where α = (α1, · · · , αP )T is a vec-

tor of coefficients for the fixed effects of Zi = [Zi1, · · · , ZiP ]T , and βi =

(βi1, · · · , βiL)T is a vector of coefficients for the random effects of ξ(t) =

(ξ1(t), · · · , ξL(t))T . Here, ξ`(t), ` = 1, . . . , L, is a parametric function of t.

For example, ξ1(t) = 1 and ξ2(t) = t in our application example. We assume
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that βi ∼ Normal(b,B). The vector of measurement errors εi = (εi1, · · · , εimi
)

are assumed to be multivariate normal distributed with the mean 0 and the

variance-covariance matrix σ2In.

The second equation in the joint model (1) is the survival sub-model with

the accelerated failure time hazard function, where φ(t,Zi,wi(t),βi,γ) =

exp[γT1 Zi+γT2 βi+wi(t|γ3)], which represent the joint effects of covariates, γ =

(γT1 ,γ
T
2 ,γ

T
3 ) are the coefficients in the survival model, and βi = (βi1, · · · , βiL)T

are the vector of latent variables, which are shared in the longitudinal sub-

model and the survival sub-model. The time-dependent indicator function

wi(t|γ3) captures the dynamic relative risk of the side event at different time

points post the side event. Here, λ0

{ ∫ t
0
φ(s,Zi,wi(s),βi,γ)ds

}
is the base-

line hazard function. This survival sub-model is justified with more details in

Subsection 2.1.

This proposed joint model has two major advantages. Firstly, the mixed-

effect submodel of the longitudinal outcome can adjust for other co-variables

to filter some noise because we do not treat the longitudinal outcome as a

covariate in the survival submodel. Secondly, the survival submodel shares

the latent features βi with the mixed-effect submodel. The estimates of the

latent features in the joint model can offer an answer for specific clinical ques-

tions. For example, in our kidney transplant application, the latent variable

βi1 is the baseline of GFR, the latent variable βi2 is the slope of GFR. Their

corresponding coefficients (γ21 and γ22) in the survival model show the effect

of the baseline and the slope of GFR to the time-to-event outcome.
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2.1 The Survival Submodel

This subsection provides the justification for the survival submodel in the

proposed joint model with more details. In the transplant clinical data, all

subjects have a kidney transplant, and only part of them have a pancreas

transplant at a certain time after kidney transplant before death.

From our preliminary analysis, the clinical transplant data has several as-

pects. Firstly, as shown in Figure 1, patients with a pancreas transplant

are less likely to have the time-to-event outcome in comparison with patients

without a pancreas transplant. Secondly, patients have a dynamical status as

shown in Figure 2. For instance, each individual is on the waiting-list program

for the pancreas transplantation after kidney transplant (status 1). Then pa-

tients either move to status 2 (alive and pancreas transplant) when a matched

pancreas organ is available, or they directly move to status 3 (ACGL or on

the waiting). The hazard rates are different when moving from status 1 to

status 3 in comparison with the other scenario when moving from status 2

to status 3. Thirdly, the assumption of Cox proportional hazard model fails

as shown in Figure 3, because the cumulative survival line of patients with

a pancreas transplant cross with the cumulative survival line of patients who

have no pancreas transplant. Therefore, we recommend the alternative hazard

model rather than Cox proportional hazards model in this paper.

We propose to use the accelerated failure time (AFT) model, which was

firstly introduced by Cox18 to determine whether the effect of a covariate is to

accelerate or decelerate the life course of a disease by some constant. Cox and

Oakes19 extended a AFT model with time-dependent covariates. James20 pro-

vided a method to estimate the time-dependent AFT model in the presence of
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Figure 2: The three statuses of kidney transplant patients. All patients start
from the date of the kidney transplant (Status 1), then they may move to
Status 2 (pancreas transplantation) when a matched pancreas organ is avail-
able during the followed-up time period. If not, they directly move to Status
3 when the time-to-event outcome of all-cause graft loss happens, or they still
are on the waiting-list for the pancreas transplant.

confounding factors. Reid21 and Kay22 mentioned that the AFT models were

more appealing than the the proportional hazard models because they could

give direction physical interpretations. For example, as mentioned in the paper

by Kay22, the AFT model can supply a more straightforward interpretation

of the treatment effect on the time to event data because the coefficient of the

treatment indicator can be estimated across various intervals defined by the

cut time points from the date of treatment.

In this paper, the hazard function of the accelerated failure time submodel

is specified as:

λ(t|Zi,βi,wi(t)) = λ0

{∫ t

0

φ(s,Zi,wi(s),βi,γ)ds
}
φ(t,Zi,wi(t),βi,γ), (2)

where φ(t,Zi,wi(t),βi,γ) = exp[γT1 Zi + γT2 βi + wi(t)], Zi = [Zi1, · · · , ZiP ]T
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Figure 3: The cumulative Nelson-Aalen estimate of all-cause graft loss by
patient status of pancreas transplantation. The red line is the cumulative
Nelson-Aalen estimate of all-cause graft loss for patient with a pancreas trans-
plant and the blue line is the cumulative Nelson-Aalen estimate of all-cause
graft loss for patient without a pancreas transplant.
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is a vector of time-independent covariates, βi = (βi1, · · · , βiL)T is a vector of

latent variables, which are random factors shared with the longitudinal sub-

model, and wi(t) is a time-dependent indicator function. We assume wi(t) to

be a piecewise linear function, which is used to capture the dynamic relative

risk at different time points post the side event. We express wi(t) as

wi(t|γ3) =



0 if t 6 Wi,

γ30 if Wi < t 6 Wi + D0

365
,

γ3k(t−Wi − Dk−1

365
) if Wi + Dk−1

365
< t 6 Wi + Dk

365
, k = 1, . . . , K,

γ3(K+1) if t > Wi + DK

365
,

(3)

where Wi is the time of the side event for the i-th subject, D0, D1, . . . , DK

are denoted as the specified number of days post the side event, and γ3 =

(γ30, · · · , γ3(K+1))
T are the coefficients in the piecewise function. In our appli-

cation example of the clinical transplant data, Wi is the time from the kidney

transplant to the pancreas transplant for those patients who have pancreas

transplant. For patients without pancreas transplant, Wi is set to be larger

than the end date of the study cohort minus the date of kidney transplant.

It is worth mentioning that the hazard function defined in (2) can be a strata

hazard model because it can provide different hazard functions when patients

are in different statuses. For example, the hazard function λ(t|Zi,βi,wi(t|γ3) =

0) is the hazard rate when patients move from status 1 to status 3 if t 6 Wi.

The hazard function λ(t|Zi,βi,wi(t|γ3) 6= 0) is the hazard rate when patients

move from status 2 to status 3 if t > Wi.
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More importantly, the piecewise linear function (3) in the proposed joint

model can be used to determine the time-dependent hazard ratios of the side

event when the effect of the side event on the time-to-event outcome is non-

proportional. For example in our application example, this piecewise linear

function can be used to calculate the dynamic relative risk of the pancreas

transplant on all-cause graft loss at different time points (Dk) after a pancreas

transplant. For instance, we set Dk as D0 = 14 days, D1 = 45 days, D2 = 90

days, D3 = 180 days, D4 = 365 days, and D5 = 730 days from the date of

pancreas transplant, and then we can obtain the relative hazard ratios at each

time point from the joint model. These relative hazard ratios can supply some

references to control the potential risk of the pancreas transplant in the clinical

practice. We give the change curve of the relative hazard ratios over time Dk

and discuss it in more details in Section 4.

3 Estimation Method

We discuss the likelihood function in a general framework for this proposed

joint model with latent variables. Let Θ = (γT ,αT ,λT ,bT ,BT , σ2, λ0)T be the

parameters to estimate. The overall likelihood function based on the observed

information is given by:

L(Θ) =
n∏
i=1

[
f(ti,wi(ti), Si, δi|Yi,Zi,γ, λ0){

mi∏
j=1

f(Yij|Zi,βi, ti,α, σ
2)}f(βi|b,B)

]
,

(4)
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where

f(ti,wi(ti), δi|Yi,Zi,γ, λ0) =
{
λ0{Φ(t,Zi,wi(t|γ3),βi,γ),γ)}Φ′(t,Zi,wi(t|γ3),βi,γ)

}δi
exp

[
−
∫ Φ(ti,Zi,wi(t|γ3),βi,γ)

0

λ0(s)ds

]

is the density function of the survival submodel of the proposed joint model,

and

Φ(t,Zi,wi(t|γ3),βi,γ) =

∫ t

0

φ(s,Zi,wi(t|γ3),βi,γ)ds

=

∫ t

0

exp(γT1 Zi + γT2 βi + wi(t|γ3))ds.

The function f(Yij|Zi,βi, ti,α, σ
2) is the density function of Normal(αTZi +

βTi ξ(ti), σ
2), and f(βi|b,B) is the density function of Normal(b,B).

We propose to estimate the parameters in the joint model (1) by using the

Monte Carlo EM algorithm25. The EM-algorithm30 is an iterative procedure

with two steps: the expectation (E) step and the maximization (M) step. In

the E-step, we compute the expectation of joint log-likelihood function over

the latent variable βi using the observations and parameter estimates obtained

so far. In the M-step, we maximize the expected joint log-likelihood over the

parameters.
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3.1 E-step

At the t-th iteration of the E-step, the expectation of the log-likelihood func-

tion w.r.t the latent variable βi can be expressed in the following form

Q(Θ|Θ(t)) = Eβ[logL(Θ|t,w(t), S, δ,Z, Y (t))|Θ(t)]

=
n∑
i=1

∫ [
log f(ti,w(ti), Si, δi|βi,γ, λ0) +

mi∑
j=1

log f(Yij|βi,α, σ2)

+ log f(βi|b,B)
]
f(βi|t,wi(t), Si, δi,Zi, Yi(t),Θ

(t))dβi, (5)

where f(βi|ti,wi(t), Si, δi,Zi, Yi(t),Θ
(t)) =

f(βi|Zi,Yi(t),Θ
(t))f(ti,wi(t),Si,δi|βi,Θ

(t))

f(ti,wi(t),Si,δi|Zi,Yi(t),Θ(t))
,

f(βi|Zi, Yi(t),Θ
(t)) ∼MVN(Ai

[
ξTi (t)(Yi(t)− ZT

i α)

σ2

]
,Ai),

Ai =

[
ξT

i (t)ξi(t)

σ2 +B−1

]−1

. The integral in the above equation is intractable be-

cause of the intractability of normalizing constant f(ti,wi(t), Si, δi|Zi, Yi(t),Θ
(t)).

An alternative is to use the importance sampling to approximate the integral

in E-step.

• Draw N samples β
(1)
i , · · · ,β(N)

i from f(βi|Zi, Yi(t),Θ
(t)) based on the

current parameter estimates Θ(t), and compute the normalized weights

w
(s)
i ∝ f(ti,wi(t), Si, δi|β(s)

i ,Θ(t)).

• Calculate Q̂(Θ|Θ(t)) =
n∑
i=1

N∑
s=1

w
(s)
i · l(s)i (Θ|ti,wi(t), Si, δi,Zi, Yi(t),Θ

(t)),

where

l
(s)
i = log f(ti,w(ti), Si, δi|β(s)

i ,Θ(t))+
∑mi

j=1 log f(Yij|β(s)
i ,Θ(t))+log f(β

(s)
i |Θ(t)).
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3.2 M-step

After computing the expectation of the log-likelihood function in Equation

(5), in M-step we estimate each parameter of Θ by maximizing Q̂(Θ|Θ(t)).

The MLEs of b̂, B̂, α̂, σ̂2, the baseline hazard function λ̂0(t) are derived in

the supplementary document. The MLE of γ has no closed-form, hence we

could use the numeric optimization algorithm26 to optimize this parameter.

We repeat the E-step and M-step until convergence achieved. The convergence

criterion for MCEM in our numerical study is

max{|Θ
(t) −Θ(t−1)|
|Θ(t)|+ ε2

} < ε1,

where we set ε1 = 0.002 and ε2 = 0.001. The standard error of Θ̂ is computed

using the bootstrap method24.

4 Application to Clinical Transplant Data

The clinical transplant data resource is from the United Network for Organ

Sharing. As mentioned in the introduction, all patients (N = 13, 635) have

both an end-stage renal disease (ESRD) and a diabetic disease. In this data,

all patients already have a kidney transplantation from a living or deceased

donor, and all of them are on the waiting list for the pancreas transplant. A

part of patients (N = 2, 776) may have a pancreas transplant at any time

during the followed-up period. We apply the proposed joint model to this

clinical transplant data in this section. The main result from the proposed

joint model is shown in Section 4.1, and the effect of the side event of pancreas
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transplant on the all-cause graft loss is shown in Section 4.2.

4.1 Main Results from the Joint Model

In order to demonstrate the feasibility of the proposed joint model (1), we

apply it to some clinical transplant data in this section. As shown in Figure

1, the baseline of GFR and the slope of GFR are related to the time-to-event

outcome as mentioned before. So we choose two latent factors βi1 and βi2, and

the joint model can be specified as in the following:

 Yi(t) = αTZi + βTi ξ(t) + εi, i = 1, · · · , n,

λ(t|Zi,wi(t),βi,γ) = λ0{
∫ t

0
φ(s,Zi,wi(s),βi,γ)ds}φ(t,Zi,wi(t),βi,γ),

(6)

where φ(t,Zi,wi(t),βi,γ) = exp[γT1 Zi+γT2 βi+wi(t|γ3)], and Yi(t) is the GFR

value at various time points post kidney transplant. The GFR value is calcu-

lated according to the formula in the paper23: GFR = 141×min(Scr/d, 1)e×

max(Scr/d, 1)−1.209×0.993Age× (1.018 if female)× (1.159 if black), where Scr

is the measured serum creatinine in mg/dL, and the serum creatinine is a

chemical waste product from the muscle metabolism and blood. The parame-

ter d = 0.7 if female or 0.9 if male, and the parameter e = −0.329 if female or

−0.411 if male. Let Wi be the time from the kidney transplant to the pancreas

transplant or the time on the waiting-list for patients without a pancreas trans-

plant. We specify the piecewise linear function wi(t) in φ(ti,Zi,wi(t),βi,γ)
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in (6) as follows:

wi(t|γ3) =



0 if t 6 Wi

γ30 if Wi < t 6 W + 14
365

γ31(t−Wi − 14
365

) if Wi + 14
365

< t 6 Wi + 45
365

γ32(t−Wi − 45
365

) if Wi + 45
365

< t 6 Wi + 90
365

γ33(t−Wi − 90
365

) if Wi + 90
365

< t 6 Wi + 180
365

γ34(t−Wi − 180
365

) if Wi + 180
365

< t 6 Wi + 365
365

γ35(t−Wi − 365
365

) if Wi + 365
365

< t 6 Wi + 730
365

γ36 if t > Wi + 730
365
.

(7)

Table 1 displays the coefficients and standard errors of all parameters in the

longitudinal sub-model and the AFT survival sub-model. The baseline term

(β1) in the mixed-effects submodel is 48.94, which indicates that most patients

have a good kidney function at the baseline. The slope term (β2 = −1.36)

of GFR is negative and statistically significant, which means that the kidney

function progression decreases during the followed-up period time. The esti-

mates for other coefficients in the mixed-effect submodel are also reasonable.

For example, the value of GFR decreases by 0.17 as the age of patients in-

creases by 1. In other words, the kidney function of older patients is worse

than young patients. The average GFR value of patients with a decreased

donor is 1.15 less than patients with a living donor.

In the survival sub-model, the coefficients (γ21 and γ22) of the random inter-

cept and slope (β1 and β2) of GFR are negative, and they are also statistically

significant. These results indicate that the latent baseline level and the la-
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Table 1: Estimates for parameters in Model (1). The standard errors of the
estimates are given in brackets.

The longitudinal submodel The survival submodel
Parameters Coef.(SE) P value Coef.(SE) P value

Age (per year) −0.17(0.05) < 0.001 0.02(0.01) 0.044
Female 5.39(0.73) < 0.001 −0.23(0.03) 0.029
Black −3.69(1.34) < 0.001 0.17(0.08) 0.020
Other −6.45(1.08) < 0.001 0.23(0.07) < 0.001

TX era 1993− 1997 7.56(1.15) < 0.001 −0.29(0.04) 0.080
TX era 1998− 2002 10.75(1.16) < 0.001 −0.76(0.03) < 0.001
TX era 2003− 2007 16.52(1.30) < 0.001 −0.95(0.03) < 0.001

PKPRA 1− 29 −0.93(0.17) 0.024 0.06(0.01) 0.030
PKPRA 30− 100 −2.35(0.11) 0.159 0.27(0.13) 0.049

HLA mismatch 1− 6 −1.54(0.61) 0.045 0.24(0.05) 0.004
Dialysis time 0.1− 1 years −0.27(0.17) 0.689 0.07(0.01) 0.005
Dialysis time 1.1− 2 years −0.52(0.42) 0.166 0.08(0.01) 0.007
Dialysis time 2.1− 3 years −0.73(1.01) 0.142 0.33(0.03) 0.028

Dialysis time > 3 years −0.96(0.11) 0.029 0.38(0.05) < 0.001
Decreased Donor −1.15(0.18) 0.015 0.14(0.05) 0.024

β1 48.94(2.34) < 0.001
β2 −1.36(0.12) < 0.001
γ21 −0.07(0.01) < 0.001
γ22 −0.21(0.04) < 0.001
γ30 1.22(0.01) < 0.001
γ31 −9.42(0.04) 0.035
γ32 −2.51(0.05) 0.041
γ33 −0.65(0.45) 0.542
γ34 −0.35(0.21) 0.251
γ35 −0.06(0.01) 0.045
γ36 −0.28(0.04) < 0.001

Random-effect parameters Value(Std.Error) Correlation
SD(β1) 14.91(2.30) −0.40
SD(β2) 2.89(0.12)
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tent slope of GFR are related to the time-to-event outcome ACGL. In other

words, the failure rate of ACGL increases as the value of GFR decreases dur-

ing the followed-up time period, and patients in the higher baseline of GFR

are less likely to have the time-to-event outcome ACGL. The coefficients of

female patients are larger than male patients. It is reasonable that patient

age is significantly related to all-cause graft loss, which indicates that patients

are more likely to have an ACGL with the hazard ratio (1.02) as patient age

increases per year. Compared with the white patients, the black patients are

more likely to have the time-to-event outcome ACGL. The transplantation

era and the dialysis duration before transplant are also related to the time-to-

event outcome ACGL. For example, patients have a longer dialysis duration

before kidney transplant, and the more likely patients have all-cause graft fail-

ure. Compared with patients who have a deceased donor, patients who have

a living donor transplant are less likely to have the time-to-event outcome

ACGL. The dynamic effect of the pancreas transplant on all-cause graft loss

is presented in the next subsection.

4.2 Effect of Pancreas Transplant on Allograft

In order to evaluate the average and time-varying relative risk of the pancreas

transplant on all-cause graft loss, we can set the piecewise linear function

wi(t|γ3) in Equation (3) in two separate forms. In order to evaluate the

average relative risk of the pancreas transplant on all-cause graft loss, we set
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wi(t|γ3) as:

wi(t|γ3) =


0 if t 6 Wi,

γ31 if t > Wi.

Then the coefficient vector γ3 in the piecewise function has only one element

γ31. In fact, the coefficient γ31 represents the average relative risk of the

side event on the time-to-event outcome in this case when we set K = 0

and D0 = 0 in Equation (3). We find that the pancreas transplant has a

significantly statistical benefit effect on ACGL because the hazard ratio is

exp(γ31) = exp(−0.13) = 0.88 with the p-value 0.045. In other words, the

pancreas transplant can reduce the risk of the time-to-event outcome ACGL.

However, the relative risk of this side event on the time-to-event outcome

is non-proportional. Therefore, we need to display the relative risk curve at

various time points post pancreas transplant. It is also useful to control the

potential risk for the clinical practice if we can determine the relative risk at

specified time points. In order to evaluate the time-varying relative risk of the

pancreas transplant on all-cause graft loss, we set the piecewise linear function

wi(t|γ3) as the formula (7) after specifying the values of Dk as D0 = 14 days,

D1 = 45 days, D2 = 90 days, D3 = 180 days, D4 = 365 days, and D5 = 730

days. Then we obtain the coefficient vector γ3 at these specified time points

from the date of pancreas transplant in comparison with patients without

pancreas transplant, which is shown in Table 1.

For easy comparison, we transform the estimated coefficients into the haz-

ard ratios. Figure 4 displays the hazard ratio curve of pancreas transplant at

different time points. It shows that the hazard ratio is very high in the begin-
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ning because of the clinical surgery or organ acute rejection, then the hazard

ratio decreases to 1.00 at 152 days from the date of pancreas transplant, and

then becomes less than 1 thereafter. From the time point when the hazard

ratio is equal to 1.00, the pancreas transplantation starts to have a survival

benefit. It is a good clinical example to demonstrate the hazard ratio curve

when the hazard ratios are not proportional.

5 Simulations

5.1 Simulation 1

The first simulation study is implemented to access the finite-sample perfor-

mance of our proposed MCEM algorithm in Section 3. A multivariate mixed-

effects model is chosen to simulate the longitudinal trajectories:

Yi(t) =
15∑
p=1

αpZip + βi1 + βi2t+ εi,

where βi1 = β1+bi1, bi1 ∼Normal(0, σ2
1), βi2 = β2+bi2, and bi2 ∼Normal(0, σ2

2), i =

1, . . . , n. In our application example, the longitudinal outcome is GFR. Here

α1, α2, · · · , α15 are the coefficients for age, gender, and other fixed covariates

shown in Table 1. We set β1 = 48.94, σ1 = 14.91, β2 = −1.36, and σ2 = 2.89,

which are the estimate from the real data in Table 1. The measurement error

εij ∼ Normal(0, σ2
3), where we set σ3 = 0.85 and j = 1, · · · , 12. The sched-

uled measurement times of the repeated longitudinal outcome are set at the

sequence year (1, 2, · · · , 12) for each subject, but there are no measurements

available after death or censoring time. The time-to-event Ti is specified as
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Figure 4: The curve of hazard ratios of all-cause graft loss for patients with a
pancreas transplant with the 95% confidence intervals at 14, 45, 90, 152, 180,
365, 730 days from the date of pancreas transplant. The reference group are
patients without a pancreas transplant. The hazard Ratio curve reaches 1.00
at 152 days from the date of pancreas transplant.
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follows:

Log(Ti) =
15∑
p=1

γ1pZip + γ21βi1 + γ22βi2 + w(t|γ3) + τi,

where γ1, γ2, · · · , γ15 are the coefficients for age, gender, and other fixed co-

variates, γ21 and γ22 are the coefficient for the random effects β1i and β2i, and

the random error τi ∼ Gumbel (0, 1). We set their true values as the estimates

from the real data shown in Table 1. The piecewise linear function wi(t|γ3) is

specified as follows:

wi(t|γ3) =


0 if t 6 Wi

γ31 if t > Wi,

where γ31 = −0.13. The number of subjects are set as n = 100.

We estimate the joint model (1) with the Monte Carlo EM algorithm from

the simulated data. The simulation procedure is repeated for 100 replicates.

Table 2 shows the parameter estimates, together with biases and root mean

square errors (RMSEs). It shows that the means of the parameter estimates

by the MCEM algorithm are close to their true values. The average number

of iterations till convergence is 12. We notice that the estimate for β1 and β1

has large RMSE, which is caused by the setting of our simulated data. In the

simulation data, we set β1 = 48.94, σ1 = 14.91, β2 = −1.36, and σ2 = 2.89,

which are the estimated from the real transplant data. We find that the

MCEM algorithm can estimate parameters accurately in the proposed joint

model, which is consistent with the literature such as14,15.
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Table 2: Means, biases, root mean square errors (RMSEs) of the parameter
estimates for the joint model (1) using our proposed MCEM algorithm in
Simulation 1.

The longitudinal submodel The survival submodel
Parameters True Mean Bias RMSE True Mean Bias RMSE

Age (per year) -0.17 -0.17 0.00 0.012 0.02 0.02 -0.00 0.001
Female 5.39 5.41 -0.02 0.236 -0.23 -0.23 -0.00 0.010
Black -3.69 -3.68 -0.01 0.235 0.17 0.17 0.00 0.009
Other -6.45 -6.45 0.00 0.220 0.23 0.23 0.00 0.010

TX era 1993− 1997 7.56 7.57 -0.01 0.300 -0.29 -0.29 0.00 0.010
TX era 1998− 2002 10.75 10.80 -0.05 0.245 -0.76 -0.76 -0.00 0.010
TX era 2003− 2007 16.52 16.55 -0.03 0.227 -0.95 -0.95 0.00 0.011

PKPRA 1− 29 -0.93 -0.93 -0.00 0.114 0.06 0.06 0.00 0.003
PKPRA 30− 100 -2.35 -2.43 -0.08 0.119 0.27 0.27 0.00 0.011

HLA Mismatch 1− 6 -1.54 -1.54 0.00 0.132 0.24 0.24 -0.00 0.010
Dialysis time 0.1− 1 years -0.27 -0.27 0.00 0.121 0.07 0.07 0.00 0.005
Dialysis time 1.1− 2 years -0.52 -0.49 -0.03 0.118 0.08 0.08 -0.00 0.005
Dialysis time 2.1− 3 years -0.67 -0.66 -0.01 0.147 0.33 0.33 -0.00 0.004

Dialysis time > 3 years -0.96 -0.94 -0.02 0.163 0.38 0.38 -0.00 0.005
Decreased Donor -1.15 -1.14 -0.01 0.109 0.14 0.14 0.00 0.004

β1 48.94 49.35 -0.41 1.439
β2 -1.36 -1.47 0.11 0.505
γ21 -0.07 -0.07 -0.00 0.002
γ22 -0.21 -0.21 -0.00 0.005
γ3 -0.13 -0.13 0.00 0.005

5.2 Simulation 2

In order to study the effect of the various correlation construction between

the longitudinal submodel and the survival model, we develop two simulation

studies in this subsection.

The relationship between the longitudinal submodel and the survival model

in our proposed joint model (1) is based on latent feathers. Some other studies

treat the longitudinal outcome as a covariable in the survival model as shown
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in the models (8) such as10,13,15.

 Yi(t) = Xi(t) + εi, i = 1, · · · , n,

λ(t|X(t)) = λ0{
∫ t

0
γ1X(s)ds} exp(γ1X(t)).

(8)

The simulation data are generated in two scenarios. In the first scenario, we

set γ1 = γ2 = 1.00. In the second scenario, we set γ1 = 1.00 and γ2 = −1.00.

We choose these two different scenarios because we want to see the differences

between the proposed model (1) and the model (8) when the effects of the

intercept and slope of GFR curves are in the same or opposite direction. A

mixed-effects model is chosen to mimic the longitudinal trajectories:

Yi(t) = βi1 + βi2t+ εi,

where βi1 = β1+bi1, bi1 ∼ Normal(0, σ2
1), βi2 = β2+bi2, bi2 ∼ Normal(0, σ2

2), i =

1, . . . , n. Here we set the true values for these parameters as β1 = 2.50, σ1 = 1,

β2 = −0.20, and σ2 = 0.02. The random measurement error εi ∼ Normal(0, 1),

and the number of subjects are set as n = 100. The preliminary scheduled

measurement time of the longitudinal outcome are set at the sequence year

(1, 2, · · · , 12) for each subject, but there are no measurements available after

death or censoring time. The time-to-event Ti is specified as follows:

Log(Ti) = γ1βi1 + γ2βi2 + τi,

where the random error τi ∼ Gumbel (0, 1). Note that our proposed joint

model (1) and the alternative model (8) treat Yi(t) in two different ways.

Our proposed joint model (1) chooses a mixed-effects submodel for Yi(t), and
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shares two random parameters βi1 and βi2 with the AFT survival submodel.

The alternative model (8) treats Xi(t) as a covariate in the AFT survival

component.

Table 3: Means and standard deviations (STD) of the parameter estimates for
our proposed joint model (1) and the model (8) in Simulation 2.

Scenario 1 Scenario 2
Mean (STD) Mean (STD) Mean (STD) Mean (STD)

Parameters γ1 γ2 γ1 γ2

True value 1.00 1.00 1.00 -1.00
Fitted value in Model(1) 0.98(0.05) 1.00(0.05) 1.02(0.05) −0.98(0.01)
Fitted value in Model(8) 0.64(0.03) - −0.24(0.06) -

We estimate the joint model (1) with the Monte Carlo EM algorithm from

the simulated data. The simulation procedure is repeated for 100 replicates.

The average number of steps till convergence is 32. Table 3 displays the pa-

rameter estimates, together with their estimated standard errors. In Scenario

1, when the coefficients (γ1 = γ2 = 1.00) of the intercept (βi1) and the slope

(βi2) are same, the estimated coefficient γ̂1 for the model in15 has the same

sign as the true value γ1, although there is a relatively large gap between

them. In Scenario 2 when the coefficients (γ1 = 1.00 and γ2 = −1.00) are

different, the estimated coefficient γ̂1 from the model (8) is completely differ-

ent from the true value. In summary, the results from Table 3 demonstrate

that model (8) cannot describe both the relationship between the intercept

(βi1) and the slope (βi2) of the longitudinal outcome with the time-to-event

outcome by a single parameter γ1. Especially in Scenario 2 when the intercept

and the slope are in an opposite relationship with the time-to-event outcome

(γ1 = 1.00 and γ2 = −1.00), it is impossible to describe the two relationships

by a single parameter γ1. This simulation example shows the advantages in
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our proposed joint model by using the features from the longitudinal submodel

in the survival submodel.

The second advantage of our proposed joint model is that the estimated

results offer a straightforward interpretation. For example, in Scenario 2, if

patients have a higher baseline, i.e. a larger βi1, then patients are more likely

to have the time-to-event outcome. So physicians can tell patients which

level they are in and the corresponding risk to have the time-to-event given

a baseline value. Similarly, if patients have a larger value of the slope i.e. a

larger βi2, then patients are less likely to have a time-to-event outcome. So

physicians can tell patients the trend of the longitudinal outcome and the

corresponding risk to have a time-to-event given the value of the slope.

5.3 Simulation 3

In this subsection, we investigate the effect of misspecification of the distri-

bution of random effects on parameter estimates. A mixed-effects model is

chosen to mimic the longitudinal trajectories:

Yi(t) = βi1 + βi2t+ εi,

where the random effects βi1 and βi2 are sampled in two scenarios. In the first

scenario, βi1 and βi2 are sampled from the normal distribution βi1 = β1 + bi1,

bi1 ∼ Normal(0, σ2
1), βi2 = β2 + bi2, bi2 ∼ Normal(0, σ2

2), i = 1, . . . , n. Here we

set the true values for these parameters as β1 = 2.50, σ1 = 1, β2 = −0.20, and

σ2 = 0.02. In the second scenario, βi1 and βi2 are sampled from a bimodal

mixture of normal distributions, where we set βi1 ∼ 0.55 · N(3, 0.72) + 0.45 ·

N(1, 0.52) and βi2 ∼ 0.55 ·N(−0.3, 0.032) + 0.45 ·N(−0.1, 0.012). The random
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measurement error εi ∼ Normal(0, 1), i = 1, . . . , n. The number of subjects

are set to be n = 100. The preliminary scheduled measurement times of

the longitudinal outcome are set at the sequence year (1, 2, · · · , 12) for each

subject, but there are no measurements available after the date of time-to-

event outcome or censoring time. The time-to-event Ti is specified as follows:

Log(Ti) = γ1βi1 + γ2βi2 + τi,

where γ1 = 1.00, γ2 = 1.00, and the random error τi ∼ Gumbel (0, 1).

We estimate the joint model (1) with the Monte Carlo EM algorithm from

the simulated data. Therefore, the first scenario has the correct model as-

sumption and the second scenario has the misspecified model assumption.

The simulation procedure is repeated for 100 replicates. The average number

of steps till convergence is 30. Table 4 displays the summary of the simulation

results in the two scenarios. In comparison with the simulation results when

the distribution for the random effects are correctly specified, the simulation

results are similar when the distribution for the random effects are incorrectly

specified as the bimodal mixture of normal distributions.

Table 4: The mean, bias, standard deviation (STD), and root mean squared
error (RMSE) of the parameter estimates for the joint model (1) when the
model assumption is correct or misspecified in Simulation 3.

Model Assumption Correct Misspecified
Parameters γ1 γ2 γ1 γ2

True value 1.000 1.000 1.000 1.000
Mean 0.984 1.002 0.986 0.996
Bias −0.016 0.002 −0.014 −0.004
STD 0.053 0.049 0.051 0.053

RMSE 0.055 0.048 0.053 0.053
95%CI 96% 95% 96% 96%
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6 Conclusions and Discussion

This paper is motivated by a longitudinal and time-to-event transplant data

set. Our proposed joint model has a longitudinal submodel and an AFT sub-

model, and both submodels share a vector of latent variables with each other.

Our proposed joint model has three major advantages. Firstly, as shown in

Table 3, the model15 can not correctly describe the relationships between the

time-to-event outcome and the longitudinal process when the intercept and

the slope of the longitudinal process are in an opposite relationship with the

time-to-event outcome. Secondly, it is one of few joint models with an AFT

regression rather than Cox regression. To calculate the dynamic hazard ratio

curve when the proportional hazards assumption is not satisfied, this joint

model includes a piecewise linear function in the AFT regression. Finally, this

model can estimate the parameters of the longitudinal component by incor-

porating the time-to-event information through censoring, and similarly, the

estimation of the time-to-event accommodates the longitudinal data informa-

tion.

The proposed joint model is demonstrated with a real clinical transplanta-

tion application. The estimation results from our proposed joint model provide

at least two useful guidelines for the clinical practice. Firstly, it confirms that

the latent baseline and slope of GFR trajectories are significantly related to

ACGL. The slope of GFR is negatively correlated with ACGL, which means

that patients are more likely to have ACGL when GFR decreases. In addition,

patients with a lower baseline GFR are more likely to have ACGL. Secondly,

the hazard ratio curve of the effect of pancreas transplant on ACGL helps to

understand the risk process of the pancreas transplant for clinical physicians.
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For example, the hazard ratio is very high in the beginning because of the

clinical surgery or acute rejection, decreases to 1 at 152 days post pancreas

transplant, and then becomes less than 1. From the time point when the haz-

ard ratio is equal to 1, the pancreas transplant starts to have some survival

benefit in comparison with no pancreas transplant. Our proposed joint model

can also be applied to other areas, although it is motivated by a clinical data

of multiple organ transplantations.

Supplementary Materials

The supplementary document contains the detailed description for the Monte

Carlo EM algorithm. The computing scripts for all simulation studies can be

downloaded at https://github.com/caojiguo/JointModel/.
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