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Figure S1: The first four leading FPC estimated from Canadian Weather data.
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Figure S2: Fifty randomly simulated curves in the simulation studies of Section
5 of the manuscript.
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Figures S3 and S4 correspond to the second simulation study introduced

in Subsection 5.2 of the manuscript when the data are simulated with the

noise-to-signal ratio as 50%.

The Second Simulation Study
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Figure S3: Boxplots of the prediction RAMSEs for 100 simulation runs using the
first p FPCs estimated by supervised and unsupervised FPCA in Scenario 1
of the second simulation study when the response variable is continuous.
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Figure S4: Boxplots of the prediction RAMSEs for 100 simulation runs using the
first p FPCs estimated by supervised and unsupervised FPCA in Scenario 2
of the second simulation study when the response variable is continuous.
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Application 1

Figure S5 shows the estimated coefficient functions for five sensors selected

by LASSO in the first application using supervised FPCA. The weight and

smoothing parameters are selected to be 0.5 and 100 respectively. The esti-

mated coefficient function for CP1, CP2, CP6 and P4 shows that the alcoholic

subjects are more likely to express a negative signal level between 0 and 150

and a positive level between 150 and 250. The locations of these four sensors

in the brain are also quite close to each other. Besides them, the coefficient

function on F8 shows that alcoholic subjects are more likely to have a positive

signal level almost all the time.
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Figure S5: The estimated coefficients functions for the EEG data on five se-
lected sensors.
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Application 1b

As the reviewer suggested, we also try to split the subjects for training and

testing. Specifically, we randomly select half of the subjects into the training

data set and consider the other half as the testing data set. Then we apply

both supervised FPCA and unsupervised FPCA to obtain the FPC score, and

fit a multiple logistics regression afterwards using the training data set only.

In the end, we compare the classification error on the test data set in the same

way as descried in the manuscript. Table S1 shows the mean classification

errors and the corresponding standard deviations for both supervised FPCA

and unsupervised FPCA. As we can see, the mean classification error yielded

by supervised FPCA is lower than that from unsupervised FPCA.

Table S1: The mean and standard deviation of the test classification errors in
100 random data splitting in the first application when choosing half of the
subjects as the training set and the other half as the testing set. Here FPCA
and sFPCA stand for unsupervised FPCA and supervised FPCA, respectively.

# of FPCs
Method classification error 1 2 3 4 5
FPCA mean 0.301 0.260 0.258 0.253 0.252

sd 0.086 0.078 0.076 0.066 0.076
sFPCA mean 0.240 0.246 0.237 0.234 0.233

sd 0.083 0.082 0.083 0.075 0.078

To evaluate the sensitivity of the prediction results to various tuning pa-

rameter values, we summarize 100 misclassification errors. The results are

shown in Table S2. As one can see, the predictive accuracy does not vary too

much as the tuning parameters vary.
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Table S2: The mean and standard deviation of classification errors in 100
random data splitting in the first application for various values of the weight
parameter and smoothing parameter.

θ λ = 101 λ = 102 λ = 103 λ = 104 λ = 105

0.00 0.251(0.052) 0.250(0.051) 0.253(0.053) 0.257(0.050) 0.259(0.051)
0.10 0.252(0.055) 0.251(0.057) 0.254(0.052) 0.256(0.047) 0.253(0.048)
0.20 0.251(0.051) 0.250(0.049) 0.250(0.050) 0.256(0.049) 0.253(0.045)
0.30 0.251(0.053) 0.253(0.051) 0.255(0.046) 0.254(0.048) 0.257(0.049)
0.40 0.247(0.050) 0.247(0.051) 0.254(0.051) 0.254(0.050) 0.253(0.045)
0.50 0.252(0.050) 0.248(0.050) 0.256(0.053) 0.256(0.052) 0.253(0.049)
0.60 0.250(0.049) 0.254(0.055) 0.248(0.050) 0.254(0.048) 0.255(0.049)
0.70 0.251(0.052) 0.251(0.052) 0.251(0.051) 0.256(0.047) 0.255(0.047)
0.80 0.253(0.048) 0.253(0.047) 0.259(0.052) 0.260(0.049) 0.259(0.050)
0.90 0.254(0.049) 0.254(0.045) 0.255(0.046) 0.260(0.049) 0.260(0.049)
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Application 2

Time-course gene expression data for the yeast cell cycle are obtained by Spell-

man et al. (1998). In total, there are 92 genes, and each gene is observed at 18

equally spaced time points between 0 min to 119 min. Out of these 92 genes ,

45 genes are known to be related to G1 phase regulation and the remaining 47

genes are treated as non-G1 phase regulation. The goal is to predict whether

a gene is related to G1 phase regulation given its time course expression.

For all 92 genes, we randomly select half of them as the training set and

the other half as the test set. For supervised FPCA, the weight parameter

θ and the smoothing parameter λ are selected on a 9-by-6 meshgrid, i.e.,

[0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9] × [1, 10, 102, 103, 104, 105], through a five-

fold cross validation using the training set only. For unsupervised FPCA, the

weight parameter θ is fixed to be 1 and the smoothing parameter is selected

from [1, 10, 102, 103, 104, 105] using a five-fold cross validation as well.

Table S3 compares the classification errors on test set between supervised

FPCA and unsupervised FPCA in 100 simulation replicates across different

number of FPCs. We can see that supervised FPCA clearly outperforms un-

supervised FPCA when only one FPC is selected. Their performance becomes

comparable when two FPCs are selected. However, when the number of FPCs

is greater than 2, unsupervised FPCA yields larger classification errors on av-

erage in comparison with supervised FPCA. We further conduct the paired

t-test to compare these two method and find that the mean classification er-

ror yielded by supervised FPCA is significantly lower than that yielded by

unsupervised FPCA.
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Table S3: The mean and standard deviation of the test classification errors for
supervised FPCA and unsupervised FPCA in 100 random data splitting in the
second real data application to analyze the time course yeast gene expression
data. Here FPCA and sFPCA stand for unsupervised and supervised FPCA,
respectively.

# of FPCs
Method Classification Error 1 2 3 4 5 6
FPCA mean 0.268 0.144 0.147 0.152 0.162 0.170

sd 0.050 0.038 0.039 0.043 0.057 0.057
sFPCA mean 0.188 0.131 0.130 0.132 0.136 0.140

sd 0.062 0.039 0.036 0.040 0.043 0.042

9



The Second Simulation Study

Scenario 3

As one reviewer suggested, we set the true β(t) as an arbitrary function gen-

erated using cubic b-spline basis functions. More specifically,

β(t) =
L∑
l=1

clψl(t),

in which ψl(t) denotes the lth B-spline basis function and the basis coefficient cl

is independently sampled from the standard normal distribution. We set L to

be 10. The functional predictor Xi(t), i = 1, . . . , 40 are generated in the same

way as described in the beginning of Section 5 of the main manuscript. In each

simulation run, we first randomly generate a β(t) by sampling cl independently

from the standard normal distribution, then generate the response Y using the

functional linear regression model with the corresponding β(t) and the noise

term ε, where the noise-to-signal ratio ρ is 50%. Then we randomly choose

half of the samples as the training data set and treat the remaining half as the

test data set.

We compare the prediction performance of our proposed supervised FPCA

with the traditional unsupervised FPCA along with three other methods in-

cluding supervised PCA (Bair et al., 2006), SupSVD (Li et al., 2015) and

SupSFPC (Li et al., 2016). To be more specific, supervised PCA treats the

functional predictor X(t) at each observed time point as one scalar predictor.

The R package superpc is used to implement this method. The optimal fea-

ture threshold is determined using the default 5-fold cross-validation proposed

in Bair et al. (2006), which is also provided in the R package. For SupSVD
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and SupSFPC, we first estimate the FPCs and then fit a regression model

afterwards. These two methods are implemented using the matlab code pro-

vided by the authors. For supervised FPCA, the weight parameter θ and the

smoothing parameter λ are selected simultaneously on a 9-by-6 meshgrid, i.e.,

[0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9] × [1, 10, 102, 103, 104, 105], through a five-

fold cross validation. For unsupervised FPCA, the weight parameter θ is fixed

to be 1 and the smoothing parameter is selected from [1, 10, 102, 103, 104, 105]

using a five-fold cross validation as well. In each simulation replicate, we ap-

ply supervised PCA, SupPCA, SupFPCA, unsupervised FPCA and supervised

FPCA on the same training set and obtain the RAMSE on the same test set.

The above procedure is repeated for 100 times.

Table S4 shows the mean RAMSEs and the corresponding standard deviations

for each method. As is shown in this table, supervised FPCA outperforms all

the alternative methods, as it always produces the lowest mean RAMSEs.
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Table S4: The mean and standard deviation of the RAMSE in 100 simulation
replicates when the true β(t) is an arbitrary function. In each simulation run,
the true coefficient function β(t) =

∑10
l=1 clψl(t), where ci is independently

drawn from the standard normal distribution. For instance, the mean RAMSE

of sFPCA is 69.4% when the number of FPCs p = 1. Here FPCA, sFPCA and
sPCA denote unsupervised FPCA, supervised FPCA and supervised PCA,
respectively.

# of FPCs
Method RAMSE 1 2 3
FPCA mean 0.694 0.467 0.280

sd 0.241 0.234 0.107
sFPCA mean 0.306 0.283 0.260

sd 0.102 0.100 0.090
sPCA mean 0.477 0.429 0.410

sd 0.147 0.121 0.117
SupSFPC mean 1.018 1.044 1.086

sd 0.057 0.073 0.096
SupSVD mean 1.016 1.041 1.059

sd 0.050 0.068 0.097

We further conduct a paired t-test to compare supervised FPCA with each

of the alternative methods and confirm that the RAMSE yielded by supervised

FPCA is significantly lower than that yielded by any other methods. The

details of the paired t-tests are shown in Table S5.
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Table S5: The mean of paired differences of the RAMSEs in 100 simulation
replications between supervised FPCA and four alternative methods. In each
simulation run, the true coefficient function β(t) =

∑10
l=1 clψl(t), where ci is

independently drawn from the standard normal distribution. For instance,
the mean RAMSE using the unsupervised FPCA method is about 17.3% higher
than that using supervised FPCA, with a paired t-test p-value being 1.2e-31
when the number of FPCs p = 1. Here FPCA and sPCA denote unsupervised
FPCA and supervised PCA, respectively.

# of FPCs
Method 1 2 3

FPCA -17.3% (1.2e-31) -8.8% (4.8e-14) -3.5% (6.3e-04)
sPCA -9.5% (1.2e-15) -9.4% (1.9e-15) -9.7% (4.8e-16)

SupSFPC -61.5% (1.1e-80) -61% (2.4e-80) -64.5% (4.5e-82)
SupSVD -62.7% (1.7e-81) -62.3% (3.1e-81) -62.2% (3.9e-81)

13



Scenario 4

Previous simulations only assume the outcome is related to 4 FPCs at most.

In this scenario, we first generate the functional predictor X(t) using the

first 10 leading FPCs estimated from the Canadian weather data (Ramsay

et al., 2009). More specifically, the functional predictor Xi(t), i = 1, . . . , n,

is simulated as: Xi(tk) =
∑10

j=1 αjiξj(tk), k = 1, 2, . . . , 365, where ξj(·) is

the jth leading FPC estimated from the Canadian Weather data. The FPC

score is simulated as: αi = (α1i, . . . , α10i)
T i.i.d∼ MVN(0,Σ), in which Σ =

diag(120, 108.8, 97.5, 86.2, 75, 63.8, 52.5, 41.2, 30, 15). Following this way, the

10th FPC, ξ10(t), only explains about 2% of the total variation. To relate the

outcome to a larger number of FPC’s, we set the true β(t) as

β(t) =
10∑
j=1

cjξj(t),

In which the coefficient vector cT = (c1, . . . , c10)
T = (0.31, 0.21, 0.61, 0.61, 0.07, 0.22,

0.95, 0.37, 0.59, 0.83), which is obtained by drawing random numbers from the

uniform distribution.

In each simulation run, we first generate the response Y using the functional

linear regression model with β(t) and the noise term ε ∼ N(0, 15ρ). The

noise-to-signal ratio ρ is set as 50% and n = 1000. We then randomly choose

20% samples as the training data set and treat the remaining 80% samples

as the test data set. For supervised FPCA, the weight parameter θ and the

smoothing parameter λ are selected simultaneously on a 9-by-6 meshgrid, i.e.,

[0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9] × [1, 10, 102, 103, 104, 105], through a five-

fold cross validation. For unsupervised FPCA, the weight parameter θ is fixed
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to be 1 and the smoothing parameter is selected from [1, 10, 102, 103, 104, 105]

using a five-fold cross validation as well. The above procedure is repeated

100 times. As shown in Table S6, supervised FPCA outperforms unsupervised

FPCA. Even with only one FPC, supervised FPCA seems to be able to predict

the response variable well.

Table S6: The mean and standard deviation of the RAMSE in 100 simulation
replicates when the true β(t) is related to 10 FPCs. Here FPCA and sFPCA
represent unsupervised FPCA and supervised FPCA, respectively.

# of FPCs
Method RAMSE 1 2 3 4 5 6 7
FPCA mean 0.921 0.889 0.558 0.379 0.208 0.205 0.190

sd 0.022 0.031 0.072 0.079 0.022 0.022 0.018
sFPCA mean 0.154 0.148 0.145 0.143 0.140 0.140 0.137

sd 0.018 0.016 0.016 0.016 0.015 0.015 0.014
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